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Abstract
Previously, Transformational Optics (TO) has been used as a foundation for designing
cylindrical cloaks. The TO method uses a coordinate transform to dictate an anisotropic
material parameter gradient in a cylinder coating that guides waves around the cylinder to
reduce the Radar Cross Section (RCS). The problem is that the material parameters required
for the TO cloak are not physically realizable and thus must be approximated. This problem
is compounded by the fact that any approximation deviates from the ideal design and will
allow fields to penetrate the cloak layer and interact with the object to be cloaked. Since the
TO method does not account for this interaction, approximating the ideal TO parameters is
doomed to suboptimal results.
However, through the use of a Green’s function, an optimized isotropic cloaked
cylinder can be designed in which all of the physics are accounted for. If the contribution
due to the scatterer is 0, then the observer, regardless of position, will only observe the
contribution due to the source and thus the object is cloaked from observation. The
contribution due to the scatterer is then used as a cost functional with an optimization
algorithm to find the optimal parameters of an isotropic cloaked cylinder. Although the
material parameters in this design method can be fulfilled by any material, metamaterials
are used to study their viability and assumptions in this application. This process
culminates in the design, fabrication and measurements of a cloaked cylinder made of
metamaterials that operate outside of their resonant bands. We show bistatic RCS reduction
for nearly every angle along with monostatic RCS reduction for nearly every frequency in
the range of 5GHz-15GHz. Most importantly, the experimental results validate the use
of a Green’s function based design approach and the implementation of metamaterials for
normally incident energy.
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METAMATERIAL STRUCTURE DESIGN OPTIMIZATION: A STUDY OF THE
CYLINDRICAL CLOAK
I. Introduction
Since the advent of radar systems in WWII, engineers have sought ways to reduce
an object’s radar signature. This measure of an object’s radar signature is referred to as
its Radar Cross Section (RCS) which provides a metric to describe the amount of energy
reflected from an object for a given incident and reflection angle. But before one can begin
to reduce the RCS of an object, some knowledge of radar systems is needed.
The most common type of radar is a monostatic radar. The monostatic design has a
colocated emitter and receiver. This type of radar is only capable of measuring the energy
reflected directly back to the radar which is called the backscatter of an object. A bistatic
radar is where the emitter and receiver are in separate locations and therefore is not limited
to just the backscatter. This is illustrated in Figure 1.1. It is evident that the bistatic radar
poses a much greater threat since it is typically not known a priori where the receiver is
and therefore which angles of reflection will be the greatest threat.
In order to effectively reduce the RCS of an object, one must first make the assumption
of the type of radar system. If the radar system is monostatic, then one is concerned with
minimizing the backscatter of high risk incident angles. However, if the radar is a bistatic
system, one is concerned with minimizing the reflection in every direction. Most efforts in
RCS reduction assume a monostatic radar, and since most radar systems are this type, it is
a valid assumption with the added bonus of simplifying the problem [11].
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Figure 1.1: Monostatic and Bistatic Radar Setup
The most common passive RCS reduction techniques consist of shaping and using
Radar Absorbing Material (RAM). While both of these techniques reduce RCS, they do so
in different ways and are typically used in conjunction to mitigate the weaknesses of each
other.
Shaping seeks to deflect the radar waves in a direction other than toward the receiver,
thus depriving a monostatic radar of reflected energy. Surfaces perpendicular to a
monostatic radar are replaced with angled surfaces to deflect the energy. This creates a
tradeoff; a reduction in RCS for one incident angle comes with an increase at another
incident angle. Due to this fact, RCS can only be reduced for certain incident angles. One
must prioritize which incident angles to optimize while weighing the cost to other incident
angles. Another consideration to shaping is how it will affect the operation of the object.
For example, any change in the shape of an aircraft could affect flight characteristics,
payload capacity or structural integrity. All of these factors must be taken into consideration
when shaping is applied to fulfill the requirements of a system.
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Since shaping can only reduce the RCS for certain angles, RAM is added to augment
and mitigate the weaknesses of shaping alone. RAM absorbs incident radar energy and
thereby attenuates any reflection. The absorption is due to the fact that RAM is made
of lossy material. This loss transforms the incident energy into heat. Particles of iron
compounds are sometimes added to a lossless matrix material to increase or customize
loss. These suspensions can be sprayed onto a surface until the desired thickness is
reached. However, there are some challenges with the use of RAM. While spraying RAM
allows deposition into small areas that would not otherwise be coated, it is difficult to get
homogeneous coverage with respect to the particle distribution and consistent thickness
[11]. These coatings also create maintenance issues. These surfaces must be analyzed
periodically with special equipment to insure the integrity of the RAM. Like shaping,
RAM can also affect the operation of a system due to its weight. While thicker RAM
does decrease RCS more, the weight can affect payload and flight characteristics.
1.1 Problem Statement
Even working in conjunction, shaping and RAM do not represent a comprehensive,
all-angle solution to RCS reduction which is needed for the bistatic radar threat. However,
recent advances in cloaking hold promise as a comprehensive solution for RCS reduction.
The mechanism by which cloaking reduces RCS is completely different than the previously
mentioned methods. Where shaping and RAM attempt to deflect and absorb radar energy,
the purpose of the cloak is simply to guide incident energy, regardless of incident angle,
around the object in question without disturbing the fields outside of the cloak. Like most
implementations of RAM, the cloak is made of multiple layers of materials that are applied
to an object. An ideal cloak will not perturb the fields outside the cloak so an observer
will not detect any scattering from the cloaked object. Most importantly, cloaking could
provide effective RCS reduction for both monostatic and bistatic radar.
3
As will be discussed at length in Chapter 2, Transformational Optics (TO) is used as
a foundation for designing cylindrical cloaks. TO uses a coordinate transform to dictate
an anisotropic material parameter gradient in a cylinder coating that guides waves around
the cylinder to reduce the Radar Cross Section (RCS). The problem is that the material
parameters required for the TO cloak are not physically realizable and thus must be
approximated. This problem is compounded by the fact that any approximation deviates
from the ideal design and will allow fields to penetrate the cloak layer and interact with
the object to be cloaked. Since the TO method does not account for this interaction,
approximating the ideal TO parameters is doomed to sub-optimal results.
This deficiency in a valid design process, in which all of the physics of the problem
are taken into account to render an optimal cloaked cylinder, is the problem this effort
addresses.
1.2 Research Goals and Assumptions
1.2.1 Goals.
The purpose of this research is to investigate and create a design process that will
bridge the gap between the theoretical cloak and a manufacturable one. This research can
be divided in to three main areas that will work together and provide a path to an optimal
physical cloak.
First, we wish to derive a general cost function that will describe cloaking effectiveness
for a given set of material parameters. There is currently no general expression that
provides a measure of cloaking effectiveness for a given stratification profile. This portion
of research centers around extracting the contribution due to the scatterer from a Green’s
function to be used as a cost function and exploiting recursive boundary conditions to create
a general expression for an n-layered cylindrical cloak.
The second area of research is to implement this cost function with an optimization
algorithm to explore the effectiveness of an isotropic cloak. This cost function will allow
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the study of isotropic cloaks with large numbers of layers and variable layer thicknesses.
This research will also serve as validation of the cost function.
The purpose of the third and last area of research is to implement the framework of the
previous two sections in an effort to design and fabricate a physical cloak. The cost function
will be used to optimize a cloak over a set of manufacturable material parameters provided
by a metamaterial design process. Design verification is performed through computer
simulation and experimental measurements in AFIT’s indoor radar range.
1.2.2 Assumptions.
The cloaked cylinder design in this dissertation assumes normal plane wave TEz
incidence. Also, the first two research goals use a 2D model which implies a cylinder
of infinite height and therefore edge effects of a cloaked cylinder of finite height are not
addressed in the optimization process but may affect the measurements of the 3D structure.
Furthermore, it is assumed the metamaterials used in the cylindrical cloak can fulfill the
isotropic requirements of the optimization process. This is not exactly true and the validity
of this assumption will be examined in Chapter 7.
1.3 Dissertation Organization
This dissertation is organized as follows. Chapter 2 and Chapter 3 cover the
background of cylindrical cloaks and metamaterials respectively. Chapter 4 presents the
derivation of a general cost function for optimizing cloaking effectiveness from a Green’s
function of an n-layered cylinder. Chapter 5 details the process of applying an optimization
algorithm to the cost function to determine material parameter requirements for optimal
cloaking. These efforts culminate with the design and fabrication of a metamaterial based
cylindrical cloak presented in Chapter 6. The experimental measurements of this cloaked
cylinder are presented in Chapter 7. Lastly, Chapter 8 concludes this dissertation with a
summary of research contributions and thoughts for future research.
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II. Cylindrical Cloak Background
Since TO was introduced in 1996 by Ward and Pendry [48], new structures have been
imagined and designed to control electromagnetic fields. The TO method exploits the fact
that Maxwell’s equations are coordinate system invariant and simply amount to spatial
restrictions on the fields [30]. However, the constitutive relations, which describe the
interaction between the fields and a material, do not exhibit coordinate system invariance
[30]. Ward and Pendry showed that transforming Maxwell’s equations between coordinate
systems can be manifested as an auxiliary material [48].
TO was initially developed to simplify computer programs that dealt with many
coordinate systems but was later seen as a tool to force fields in a desired configuration. One
can control the flow of the electromagnetic fields simply by warping the coordinate system.
This new warped coordinate system is then manifested in material parameter requirements
that are anisotropic and spatially varying. This method allows for theoretical insight into
the control of fields but is not hospitable to physically realizing a design.
One such TO design is that of the cylindrical cloak introduced in 2006 by Pendry
et al [28] and built the same year by Schurig et al [36]. In these efforts, the coordinate
system is manipulated such that the cylinder is no longer part of the coordinate system
and the incident fields flow around the cylinder as if it were not present. However, the
coordinate transform process created a cloak material layer which is not manufacturable
due, in part, to the spatially varying material parameter requirements. Additionally, the
material parameters at the cylinder-cloak interface took on values of either 0 or ∞. These
manufacturing challenges precipitated the need to approximate the ideal case.
In this chapter, we examine the formulation of the TO cloak material requirements and
the research efforts aimed at approximating these requirements to create a more physically
realizable set of material parameters.
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2.1 TO Cylindrical Cloak
Originally, TO was conceived in an effort to avoid rewriting computer code when a
change in the coordinate system occurred. In [48], Ward and Pendry showed that using a
general coordinate transformation in Maxwell’s equations equated to renormalizing the
material parameters of the space in question. This meant that code could be written
assuming Cartesian coordinates but could handle any coordinate system with a simple
change to  and µ. In this section, we show how the method in [48] can be used to design a
cylindrical cloak. This method for designing a cylindrical cloak was first presented in 2006
by Pendry et al [28], later confirmed through computer simulation [8] and ray tracing [38].
This cloak design was also built that same year by Schurig et al [36].
2.1.1 TO Material Parameters.
The TO method to designing a cloak consists of deforming the coordinate system such
that the origin point is expanded into a boundary around an area to be excluded from the
coordinate system. In the case of the 2D cylindrical cloak, the origin is transformed into a
circle such that the origin of the new coordinate system is the line bounding the circle and
the area within the circle is not part of the new coordinate system. Since this area is not
part of the new coordinate system, the fields will be forced to move around the area and
therefore cloak any object contained within the area. This void in the coordinate system
is sometimes referred to as the hidden region. For the cylindrical cloak, we wish to make
this void area the size of our (PEC) cylinder but we also want to constrain the new warped
coordinate system to limit the size of the required material with renormalized parameters.
This material that is required by the coordinate transform is manifested as a coating around
our PEC cylinder. Beginning with the warped coordinate transform, we use the equations
from [30] to generate the material parameters required. The relevant geometry can be seen
in Figure 2.1. Throughout this dissertation, the geometry consists of a = 1λ and b = 2λ
unless otherwise specified.
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Figure 2.1: Cylindrical Cloak Geometry
The transform used in [36] to compress the coordinates within the cylinder into a layer
surrounding the cylinder is
ρ
′
=
b − a
b
ρ + a
θ
′
= θ
z
′
= z (2.1)
where the ′ denotes the new warped coordinates. A visual representation of the warping of
the cylindrical coordinate system can be seen in Figure 2.2.
Next, since the TO method assumes a starting point of the Cartesian coordinates, the
Cartesian coordinates can be expressed as cylindrical coordinates by Equation 2.2.
x = ρ cos θ
y = ρ sin θ
z = z (2.2)
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Figure 2.2: Graphical representation of the coordinate transform for a cylindrical cloak
Substituting Equation 2.1 into 2.2 we can express the transform from Cartesian coordinates
to the new warped cylindrical coordinates as Equation 2.3.
x =
ρ
′ − a
b − a b cos θ
′
y =
ρ
′ − a
b − a b sin θ
′
z = z
′
(2.3)
Lastly, from [30], Equation 2.4 is used to apply the coordinate transform to transform the
starting material (free space) to the material parameters that will force the fields into the
required configuration.

′
µ′
 =
∣∣∣J−1∣∣∣ JJT


µ
 (2.4)
This formulation uses the Jacobian transformation matrices as seen in Equation 2.5,
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J =

∂ρ′
∂x
∂ρ′
∂y
∂ρ′
∂z
∂θ′
∂x
∂θ′
∂y
∂θ′
∂z
∂z′
∂x
∂z′
∂y
∂z′
∂z
 J
−1 =

∂x
∂ρ′
∂x
∂θ′
∂x
∂z′
∂y
∂ρ′
∂y
∂θ′
∂y
∂z′
∂z
∂ρ′
∂z
∂θ′
∂z
∂z′
 (2.5)
where the Jacobian matrix transformation (J) transforms from Cartesian to the warped
cylindrical coordinates and the inverse Jacobian matrix transformation (J−1) transforms
from the warped cylindrical coordinates back to the Cartesian coordinates and
∣∣∣J−1∣∣∣ = |J|−1.
Using the warped coordinates expressed in Equation 2.3 with Equation 2.4 renders
the ideal TO cylindrical cloak parameters from [36]. The complete derivation of these
parameters is presented in Appendix C.
µρ, ρ =
ρ − a
ρ
µθ, θ =
ρ
ρ − a
µz, z =
ρ − a
ρ
(
b
b − a
)2
(2.6)
A few observations can be made now that will be used later in this dissertation. Notice
first, that the configuration of the desired fields is being dictated only through a change
in the material parameters created by the coordinate transform. Specifically, boundary
conditions are not a consideration. Second, note the dual nature of the material parameters,
i.e. µρ = ρ. This indicates the cloaking mechanism is indifferent to incident polarization.
These two points are intertwined and will be examined further in later chapters.
Simulated results of the ideal cloak with both Transverse Electric (TE) (~E is in the xˆ
and yˆ direction and also referred to as TEz ) and Transverse Magnetic (TM) ( ~H is in the xˆ
and yˆ direction and also referred to as TMz ) incidence can be seen in Figure 2.3; this figure
shows the x − y plane. Cloaking effectiveness is exhibited by the fields bending around
the cylinder and the apparent lack of perturbation of the fields outside of the structure as
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compared to the field pattern of a bare PEC cylinder seen in Figure 2.4. This is further
exhibited by the bistatic Radar Echo Width (REW) seen in Figure 2.5. It i important to
note at this point that, as seen in Equation 2.6, the TO cloak does not take incident field
polarization into account. That is, the parameter values needed for TM incidence (z, µρ, µθ)
are exact duals of those required for TE incidence (µz, ρ, θ). However, the simulations
show a stark difference between the cloaking effectiveness between the two polarizations.
This will be discussed further in Chapter 4.
At this point it is important to mention that, as was noted in [6, 8], the computer
simulations of the ideal anisotropic TM and TE cloaks are less than ideal due to
the discretization required and the singularities at the cylinder-cloak interface. These
simulated ideal anisotropic cloaks implemented identical meshes with a Maximum Element
Length (MEL) of .05λ. Even with identical meshes, the difference between the incident
polarizations of the simulated ideal cloaks is stark. Not only does the TE cloak have much
lower scattering than the TM cloak, but the shape of the REW is quite different. This could
be due to the fact that waves are impinging the PEC in the simulation since the boundary
condition at the PEC is polarization dependent. Additionally, TE and TM impingement
upon a coated PEC cylinder excite very different azimuthal surface waves which do affect
the REW [47].
The material requirements of Equation 2.6 state that the ideal cloak requires a single
layer of spatially varying anisotropic parameters. Furthermore, when ρ = a at the cylinder-
cloak interface the material parameters in the ρˆ and zˆ direction take on values of 0 while the
parameters in the θˆ direction are∞. Due to these material requirements, the ideal TO cloak
design dictated by Equation 2.6 is not manufacturable. The following sections serve as a
summary detailing the different attempts to approximate the required cloaking material in
an effort to make it more physically realizable.
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Figure 2.3: Normalized zˆ directed fields of the ideal TO cloak for TM incidence(left) and
TE incidence(right). The power flow is from left to right.
Figure 2.4: Normalized zˆ directed fields for a bare PEC cylinder with TM incidence(left)
and TE incidence(right). The power flow is from left to right.
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Figure 2.5: REW comparison between bare PEC cylinder and ideal TO cylindrical cloaks
for TM and TE incidence.
2.2 TO Cylindrical Cloak Approximation
The manufacturing challenges inherent in the TO cloak design sparked further
research into approximating the cloak material parameters. This section separates these
approximations into two basic categories, anisotropic approximations (Section 2.2.1)
and isotropic approximations (Section 2.2.2). Within these sections are also efforts
to approximate the single cloak layer made of spatially varying material parameters
into discrete layers of homogeneous material. Both material parameter and discrete
homogeneous layer approximations of the TO design are required if a physical cloak is to be
realized. The obvious problem here is that with two simultaneous approximations (material
and geometry), the ideal cloak behavior becomes severely degraded. Optimization can be
used to mitigate the degradation caused by these approximations; this topic is covered in
Section 2.2.3.
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2.2.1 Anisotropic Material Parameter Approximation.
The first approximation of the TO design is used in conjunction with the first
manufactured cloak where Schurig et al created a simplified set of anisotropic parameters
seen in Equation 2.10 [36]. First, we start with the wave equation in an anisotropic medium
impinged by a TM field as seen in Equation 2.7.
1
zρ
[
∂
∂ρ
(
ρ
µθ
∂Ez
∂ρ
)]
+
1
zρ2
∂
∂θ
(
1
µρ
∂Ez
∂θ
)
+ k20Ez = 0 (2.7)
In [36], it was assumed that µθ was invariant and therefore could be removed from the
differential operator. After factoring out the µθ term from the differential operator and
substituting Equation 2.6 into Equation 2.7, the result is Equation 2.8.
(
b − a
b
)2
∂2Ez
∂ρ2
+
(
b − a
b
)2 1
ρ
∂Ez
∂ρ
+
(
b − a
b
)2 ( 1
ρ − a
)2
∂2Ez
∂θ2
+ k20Ez = 0 (2.8)
Next we can solve for the simplified cloak parameters as seen in Equation 2.9.
1
zµθ
=
(
b − a
b
)2
1
zµρ
=
(
b − a
b
)2 (
ρ
ρ − a
)2
(2.9)
Since µθ was assumed to be constant, we assign it a value of 1 and can solve Equation 2.9
to render to required parameters for the simplified cloak presented in [36].
z =
(
b
b − a
)2
µρ =
(
ρ − a
ρ
)2
µθ = 1 (2.10)
This allowed Schurig et al to design a cloak where z and µθ are constant while µρ
is the only parameter that varies. This design was then implemented with discrete layers
of metamaterials. It is difficult to tell exactly how well the physical cloak performed as
compared to the bare PEC cylinder since no REW measurements were presented. As a
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point of comparison, simulations of the simplified cloak for our geometry were conducted
and are presented in Figure 2.6 and 2.7 . Note the degradation of cloaking effectiveness
evidenced by the effects of constructive and destructive interference in the fields outside of
the structure which is also seen in the REW measurement.
Figure 2.6: Field pattern of cloak made from continuous simplified parameters (left) and
discrete layered approximation of the simplified parameters (right). Power flow is from left
to right.
Yan et al showed that the assumption of a constant µθ allowed the zero order incident
wave to penetrate and reflect through the cloak material [52]. Later, Yan et al increased
the effectiveness of the simplified cloak by impedance matching the outer layer through
manipulating the coordinate transform. This resulted in a new set of simplified material
parameters as seen in Equation 2.11.
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Figure 2.7: Comparison of simplified cloaks using geometry from [36]; a = 27.1mm,
b = 58.9mm and the frequency is 8.5GHz.
µρ, ρ =
(
ρ − a
ρ
)2 b
b − a
µθ, θ =
b
b − a
µz, z =
b
b − a (2.11)
This line of research was later expanded by Collins and McGuirk [6]. They presented a
third constraint equation to the two in Equation 2.9 by not assuming a constant µθ. These
new constraints still maintained the impedance matching at the outer layer. These constraint
equations can be seen in Equation 2.12.
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1
zµθ
=
(
b − a
b
)2
1
zµρ
=
(
b − a
b
)2 (
ρ
ρ − a
)2
1
zµθ
1
ρ
− µ
′
θ
zµθ
=
1
ρ − a
(
b − a
ρ
)2
(2.12)
The notation ′ indicates differentiation with respect to ρ. With a focus on fabrication,
Collins and McGuirk decided not to solve the differential equation constraint in
Equation 2.12 explicitly, but instead they chose to use a Taylor series approximation. Using
the Taylor series approach allows a method to scale the material parameters by limiting the
number of Taylor series coefficients. As the number of Taylor series coefficients tends
toward ∞, we get the ideal TO cloak. They also showed that the simplified parameter set
presented in [53] is the first term in the Taylor series approach.
Even with these different sets of simplified parameters, better cloaking performance
required material parameters to approach the singularities at the cylinder-cloak interface.
One could offset the cloak a small amount, δ, such that the inner cloak boundary is δ away
from the cylinder boundary to alleviate this problem and approximate the ideal cloak [35].
Although this method did alleviate the problem at the interface, it also showed the cloak
was sensitive to this change and created noticeable scattering. Researchers continued to
look for a more refined method of approximating the anisotropic cloak with an eye towards
manufacturability.
While the efforts mentioned above did simplify the original TO requirements by
addressing the singularities at the cylinder-cloak interface and allowed a method of scaling
the material parameters, the problem of anisotropy persists and therefore so do the
challenges of a physically realizable design.
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2.2.2 Isotropic Material Parameter Approximation.
The inherent problem with the previously mentioned TO approximations is that they
still required anisotropic material parameters and therefore are not manufacturable. Other
efforts focused on a cloak made of isotropic layers, these efforts use effective medium
theory in order to accomplish this. Effective medium theory states that isotropic layers,
sufficiently thin, can be modeled as a single anisotropic layer. Conversely, we can represent
the single anisotropic layer of the ideal cloaked cylinder as many isotropic layers. This
approximation gets closer to the ideal cloak as the number of layers goes to infinity [18].
In 2006, Wood et al used effective media theory to model 2 isotropic layers as a single
anisotropic layer with Equation 2.13
θ =
1 + η2
1 + η
1
ρ
=
1
1 + η
(
1
1
+
η
2
)
η =
t2
t1
(2.13)
where t1, t2 are the layer thicknesses [50]. This approximation allowed for a cloak made of
discrete isotropic layers to approximate the anisotropic and spatially varying cloak material
dictated by TO [9, 18, 31]. It is important to note that the anisotropic cloak must first be
approximated into discrete layers, then each of these discrete layers can be modeled as 2
isotropic layers. This means that a 10 layer isotropic cloak is actually modeling a 5 layer
anisotropic cloak. Generally, this is done by splitting up the cloak layer into layers of equal
thickness and the ideal TO material parameters at the middle point of each layer are then
assigned to that layer. This circumvents the problem of the singularities at ρ = a. Then
we can apply Equation 2.13 to create 2 isotropic layers to model each of the anisotropic
layers. Figure 2.8 shows the fields of the 10-layer effective medium approximation for our
geometry and Figure 2.9 shows the corresponding REW comparison.
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Figure 2.8: Normalized zˆ directed fields of the effective medium isotropic approximated
ideal cylindrical cloak with TM incidence(left) and TE incidence(right). The power flow is
from left to right.
Figure 2.9: REW comparison of the effective medium isotropic approximation of the ideal
TO cylindrical cloak.
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Needless to say that even with effective medium approximations, the cloaking
performance is still quite degraded from the ideal TO cloak. This spurred further research
into manipulating the effective medium isotropic cloaks in the hopes of increasing cloaking
effectiveness. In 2007, Huang et al showed that layer thicknesses of the effective medium
layers could be manipulated in an effort to increase the performance of the effective medium
isotropic cloak material dictated by Equation 2.13 [9]. In 2010, Qui et al experimented with
reordering the effective medium isotropic layers [32]. They showed that by reordering the
layers such that the index of refraction exhibits a smoother profile, decreasing as the layers
get closer to the cylinder, one could increase the cloaking effectiveness over the effective
medium approximation. One of the problems with using effective medium theory is that
the more, and consequently thinner, layers used to approximate the anisotropy, the better
the approximation. In [18], McGuirk et al had to use 5,000 isotropic layers to match the
results of the anisotropic cloak layer using the same geometry as Figure 2.1. This creates
its own manufacturing challenges.
In the efforts referenced above, approximations are used to achieve material
parameters and a geometry that are more manufacturable than the original TO design.
Approximating the TO cloak design in this manner is iterative and results in a brute force
attempt to achieve both cloaking effectiveness and manufacturability. Instead, we turn to
optimization techniques to provide an intelligent way of approximating the ideal TO design
with the goal of finding a manufacturable design which optimizes cloaking effectiveness.
2.2.3 Optimizing a Cylindrical Cloak.
The previously mentioned efforts have attempted to find the best way of matching the
material parameters dictated by TO with those that are physically realizable. The next three
efforts implement an optimization approach [29, 51, 54] to this problem. The following
optimization approaches assume a PEC cylinder interior with a non-ideal cloak material
which will allow field penetration. Optimizing this type of structure will use the material
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gradient but will also take into account the PEC boundary making this type cloak operate
more like a waveguide than the traditional cloak.
In any optimization method, one derives a cost functional which provides a figure
of merit for a given set of system parameters. The optimization algorithm will then
search different combinations of the system parameters to either maximize or minimize
the associated cost functional. In the case of the cylindrical cloak, we wish to have a cost
functional which describes the amount of scattering due to the cloaked cylinder. The input
of this cost functional consists of the material parameters and geometry of the cylindrical
cloak. Since we are optimizing to create a more manufacturable cloak, a layered cylindrical
cloak geometry is used.
The first use of optimization applied to the cylindrical cloak was by Popa and
Cummer in 2009 [29]. In this effort, 3 layers of homogeneous anisotropic material is
assumed. The equation for bistatic REW is used as the cost functional and is derived by
expanding the fields and applying boundary conditions to get an expression for the scattered
fields. Specifically, they optimized the REW for forward scatter (source and receiver are
exactly opposite each other with the cloaked cylinder in the middle). They then used an
optimization algorithm to find the anisotropic values which minimized their cost functional.
A discretized approximation of the TO ideal cloak was used as an initial guess for the
optimization algorithm. They showed that a 3 layer optimized cloak outperformed a 100
anisotropic layer approximation of the TO design. The approach in [51] is similar but used
a 4 layer design and optimized over an average of the bistatic angles with similar results.
Later, in 2011, Zhenzhong et al applied optimization to a 6 layer isotropic cloak
made of 2 types of non-magnetic materials [54]. They also implemented the REW
equation as the cost functional by expanding the fields and enforcing boundary conditions.
However, unlike [29], Zhenzhong et al summed the scattering width for every incident
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angle. This cloak was optimized for the 2 alternating non-magnetic materials and the 6
layer thicknesses.
Note that in these examples one must either optimize for a single incident angle, which
does not ensure all angle cloaking or engage in the computationally expensive operation of
accounting for the REW of every incident angle. Secondly, the cost functionals derived
in these examples are specific to the stratification profile and therefore, if the number of
layers were to change, a new cost functional would need to be derived. It is also important
to point out that although the conclusion is not drawn in these references, these types
of optimization techniques are more effective than approximating the ideal TO method
of cloaking a cylinder because they account for the inevitable field penetration and the
subsequent PEC boundary condition.
2.3 Summary
TO has provided a clever way to control fields and imagine new structures. However,
the material requirements for these structures are not manufacturable. Many attempts
have been made to approximate the TO requirements for a cylindrical cloak but these
simple approximations either degrade cloaking effectiveness or render material parameters
that are not manufacturable. Furthermore, simply approximating the TO design is an
iterative approach in that there is no direct correlation between the TO coordinate transform
employed and cloaking performance. Optimization was later used in order to provide an
intelligent way to optimize the TO cloak. To implement the optimization techniques, a cost
functional is derived from expanding the fields and enforcing boundary conditions to get
an expression that describes the scattering of the cloaked structure.
Optimization shows the most promise in being able to design a cloak with
manufacturable parameters. However, these optimization techniques suffer from two main
problems. First, the cost functional is specific to a stratification profile and therefore not
general. Secondly, this cost functional must be optimized over every bistatic angle to
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ensure the cylinder is cloaked from an observer regardless of position; this is very time
consuming considering the optimization algorithm must compute this cost functional many
times before finding a solution.
A general expression of a Green’s function for an n-layered dielectric coated cylinder
will be presented in Chapter 4. From this Green’s function, a cost functional that is
independent of incident angle is developed and used to optimize an isotropic approximation
of the TO cloak in Chapter 5. Then in Chapter 6, the cost functional will be used to
design and fabricate a metamaterial cylindrical cloak that is not based on TO. In the next
Chapter, we will look at metamaterials and a design process which will provide the possible
solutions that an optimization algorithm could search through to design a manufacturable
cloak.
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III. Metamaterial Background
In Chapter 2 some of the challenges of designing a cloak with material parameters
that are physically realizable was discussed. The most promising approach is to use an
optimization technique to search through possible realizable material parameters to find the
combination that results in optimal cloaking. While optimization seems the best choice to
loosen the constraints on the TO ideal cloak design, it is also prudent to increase granularity
of the material parameters that can be physically realized so that we can approach the
problem from both sides.
The somewhat recent development of metamaterials could be the solution to expand-
ing the possibilities of manufacturable material parameters. In essence, metamaterials are
made of cells of small metallic structures (much smaller than the wavelength) which are
somewhat analogous to the atomic structure of a material found in nature. These metama-
terial cells resonate through the field coupling within each cell and through field coupling
between neighboring cells. In the end, the material parameters of this metamaterial can be
tailored through the geometric features of the metallic structure that makes up the unit cell.
In this effort, we limit ourselves to metamaterial cells that consist of metallic traces on a
PCB (PCB) substrate.
In this Chapter, we will discuss how traditional materials are characterized since
this method will also be applied to metamaterials. Furthermore, we will also discuss
size constraints of the metamaterial cells and how the material parameters of these
metamaterials can be extracted and modeled. Lastly, we will discuss a design process
which incorporates a resonance model which allows us to create a pool of possible material
parameters and their corresponding metamaterial cell geometry. In Chapter 6, it is through
this pool of achievable material parameters that we will use an optimization algorithm to
search through to design an optimized cylindrical cloak consisting of metamaterials.
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3.1 Material Characterization
In essence, the material characterization parameters of electric permittivity () and
magnetic permeability (µ) are simply the macroscopic averages of the microscopic effects
produced by the interaction between time harmonic fields and the atomic structure of a
material [2]. When an atom comes into contact with an electric field, the nucleus and the
electron become displaced, creating a dipole. Macroscopically, all of the dipoles of the
material are then accounted for by an electric polarization vector. The electric permittivity
is then introduced to account for the electric polarization vector. Likewise, the permeability
of a magnetic material, subject to a magnetic field, is an average of the many magnetic
polarization vectors caused by the orbiting and spinning of the electrons. The movement of
an electron constitutes a current, so this motion can be modeled as current carrying loops.
Metamaterials seek to replicate these microscopic models which form the basis of
material characterization. To achieve permittivity, we achieve the dipole by ensuring the
electric field crosses two metal plates and thus incurring opposite charges on each plate.
To achieve permeability, we ensure the magnetic field is perpendicular to a wire loop and
thereby inducing a current in the loop. These metallic structures have inherent resistances,
inductances and capacitances and therefore they will resonate at a specific frequency. When
these metallic structures are impinged by an electromagnetic wave with the same frequency
as their own resonant frequency, the electric polarization vector or magnetic polarization
vector exhibits this resonance and therefore so does the material parameter.
So, with metamaterials we seek to create a material made of small metallic structures
that will mimic the atomic modeling of traditional materials when an electromagnetic field
is present. The question then becomes one of size constraints. At what point can we
average the reactions of all of the metamaterial unit cells as atoms of a material instead of
accounting for them as individual scatterers?
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3.2 Metamaterial Introduction
Creating artificial parameters is not a new idea. In 1946 Kock described a method of
designing periodic structures to create a microwave lens [12]. In this effort periodic plates
are formed in an array. The idea of creating an artificial permittivity was shown again in
1962 when Rotman showed that either a rodded structure or parallel plate guide could be
used to create an effective permittivity [34]. The idea of rodded structures was furthered in
[27] where 3D lattices of thin metal wires were created to render a negative permittivity.
In 1999, Pendry et al explained how an effective magnetism could be achieved
from microstructures built of conducting sheets [26]. The periodic lattice of these
microstructures would later be known as metamaterials and the microstructures themselves
known as metamaterial cells. These metamaterial cells contain internal capacitances
and inductances which lead to the resonance exhibited in the material parameters. The
metamaterial cells presented in [26] were made of Dual Split Ring Resonators (DSRR)
as seen in Figure 3.1. The cells would be impinged by a field where the magnetic field
component is only in the zˆ direction (TEz). The magnetic field then induces a current along
the rings which would resonate at a frequency dictated by the internal capacitances (at the
ring splits and space between the rings) and inductances (distances along the metallic path).
This is analogous to the microscopic current carrying loop model of traditional materials.
In the hope that one could easily custom design material parameters, this research
sparked great interest in the scientific community which resulted in the quickly expanding
area of metamaterials. What followed were many efforts to further refine and add rigor
to the analysis of metamaterial constraints and material parameter extraction which are
discussed in the following sections.
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Figure 3.1: DSRR metamaterial cell, the current flow (arrow) is induced by the magnetic
field perpendicular to the face of the DSRR and the coupling (+,−) caused by the vertical
electric field.
3.3 Material Parameters from Metamaterials
One of the biggest questions in metamaterials is whether material parameters could
be used to characterize metamaterials in the same way as traditional materials. While both
metamaterials and traditional materials are made of reoccurring structures consisting of
metamaterial cells or atoms/molecules respectively, the size difference in their unit cells
is quite stark. This creates a challenge when considering the averaging of the individual
unit cell responses of a metamaterial. In this section we will discuss metamaterial size
constraints for homogenization and the process of material parameter characterization.
3.3.1 Material Parameter Extraction.
In order to extract meaningful material parameters from metamaterials, we first need
to know the size limitations of the metamaterial cells such that, from a macroscopic point of
view, the metamaterial can be considered a homogeneous material. It is typically accepted
that a metamaterial cell must adhere to the following constraint
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.01 <
a
λ
< .2 (3.1)
where a is the distance across the unit cell [40]. This constraint allows us to use the same
homogenization techniques used in traditional methods which result in a material parameter
characterization of a material. Experimental data agrees with this [37].
Extracting constitutive parameters of metamaterials through reflection and transmis-
sion data has been researched extensively [3, 4, 14, 16, 41, 45]. A comprehensive review
of this topic can found in [39]. To determine the constitutive parameters of a material,
we interrogate it with an incident field and measure the reflection and transmission of the
incident field. If we know the polarization of the incident field (which one should in an
experimental situation) we can use the measured reflection data (S11) and the measured
transmission data (S21) to determine the material parameters of the sample.
The first effort to measure metamaterials experimentally was performed in 2002 by
Smith et al [41]. This method is based on the well known Nicolson-Ross-Weir technique
[20, 49] . As given in [41], the relationship between S11, S21, effective index of refraction
(n), effective impedance (η), effective permittivity and permeability is given as
cos(nk0d) =
1
2T
(1 − R2 + T 2)
η =
√
(1 + T ) − T 2
(1 − R)2 − T 2
 =
n
η
µ = nη
R = S 11
T = S 21e− jk0d (3.2)
where k0 = ω
√
µ00 and d is the distance across the unit cell in the direction of wave
propagation. However, there are some ambiguities in Equation 3.2. Specifically, the correct
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sign must be determined for both η and n and the equation for n has the added complexity
of choosing the correct branch. To determine the proper signs we can apply the passivity
constraints seen in Equation 3.3.
Re(η) > 0
Im(n) < 0 (3.3)
This still leaves choosing the correct branch cut determine the real part of n as seen in
Equation 3.4
Re (n) = ±Re

cos−1
(
[1−(R2−T 2)]
2T
)
k0d
 + 2pimk0d (3.4)
where m is an integer. While the sign of the real part of n is determined by the passivity
constraints, the correct branches can be identified by measuring multiple thicknesses of
the metamaterial and choosing the branches that yield consistent results for all thicknesses
[41]. This method creates the overhead of simulating or measuring multiple samples but
later in 2010, Szabó et al used the Kramers-Kronig relation to determine the appropriate
branch and thereby eliminating the need for multiple sample thicknesses [45]. This method
is used for extracting metamaterial parameters in this dissertation.
In the next sections, examples of electrically and magnetically resonant metamaterial
unit cells are presented. The electrically resonant cells resonate due to the coupling of the
electric field and is manifested as a resonant permittivity. The magnetically resonant cells
resonate due to the coupling of the magnetic field resulting in a resonant permeability.
3.3.2 Electrically Resonant.
Analogous to how permittivity is determined in a traditional material, permittivity in
a metamaterial is the result of the many dipoles created in the individual metamaterial
unit cells. This occurs when the electric field is perpendicular to at least two separated
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plates. This forces the plates to become polarized and energy is stored as is the case with
a capacitor. When the electric field polarization switches, the stored energy discharges
creating a source in the circuit. The metamaterial unit cell is made of metallic traces which
have an inductance as well as a resistance. In the end, the metamaterial unit cell works like
RLC circuit.
Consider the Electric-LC (ELC) metamaterial unit cell in Figure 3.2 which was
presented in [37]. The electric field couples across the parallel surfaces in the middle of
the cell to create a dipole. When the polarization of the electric field switches, the stored
energy is discharged through the structure as the parallel surfaces reverse polarity. The
extracted material parameters for a bulk metamaterial made of this structure can be seen in
Figure 3.3.
Figure 3.2: Snapshot in time of an ELC metamaterial cell where the incident electric field
is creating a dipole across the parallel traces.
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Figure 3.3: Extracted material parameters of an ELC
3.3.3 Magnetically Resonant.
As is the case with the electrically resonant structure, a magnetically resonant
metamaterial unit cell can be thought of as an RLC circuit except the current is induced as
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a result of the magnetic field. A Single Split Ring Resonator (SSRR) with the incident field
configuration seen in Figure 3.4 is an example of a magnetically resonant cell. With this
unit cell, the magnetic field induces a circulating current into the metal traces which cause
the resonance of the RLC circuit. The extracted material parameters of a bulk metamaterial
made of this structure can be seen in Figure 3.5.
Figure 3.4: Snapshot in time of split ring resonator and the current induced by the magnetic
field as red arrows.
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Figure 3.5: Extracted material parameters of an SSRR.
3.4 Modeling Metamaterials
Since we homogenize and ascribe material parameters to metamaterials like we do
traditional materials, it makes sense that we would also use the same models we ascribe to
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traditional materials to predict material parameters in the presence of a time harmonic field.
Specifically, we will use the same spring-mass Lorentz models that are used in traditional
materials to model the movement of an electron around the nucleus in the presence of a
time harmonic field. However, as we will discuss, metamaterials require more complexity
in modeling.
The parameters of an electrically or magnetically resonant metamaterial cell can be
modeled by the Lorentz form in Equation 3.5
lorentz ( f ) = b
(
1 − F f
2
f 2 − f 2o − jγ f
)
µlorentz ( f ) = µb
(
1 − Fµ f
2
f 2 − f 2oµ − jγµ f
)
(3.5)
where F , Fµ, fo , foµ relate to the resonant frequency,γ , γµ are terms to account for loss
and b, µb represent the background permittivity and permeability [46].
It is important to note the Lorentz model, based on a spring-mass system, does not take
into account neighbor to neighbor interactions, what is termed ’spatial dispersion’ in [15].
In [15],a Finite Difference Time Domain (FDTD) analysis was performed to average the
fields over a slab of metamaterial in an effort to determine how the model must be modified
to account for the neighbor to neighbor interactions that are noticeable in metamaterials.
This averaging technique was then manipulated to account for both spatial dispersion and
multiple resonances in [46] and modified parameters were introduced. The relationship
between the extracted material parameters and the modified material parameters can be
seen in Equation 3.6 for electric resonant cells and in Equation 3.7 for magnetically
resonant cells.
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relectric = m
nk0d
2
tan
(
nk0d
2
)
µrelectric = µm
nk0d
2
sin
(
nk0d
2
)
cos
(
nk0d
2
) (3.6)
rmagnetic = m
nk0d
2
sin
(
nk0d
2
)
cos
(
nk0d
2
)
µrmagnetic = µm
nk0d
2
tan
(
nk0d
2
) (3.7)
With these equations, the modified resonant parameters can be modeled by the Lorentz
model. The extracted modified parameters of our example ELC and SSRR metamaterials
can be seen in Figures 3.6 and 3.7
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Figure 3.6: ELC Modified Parameters
36
Figure 3.7: SSRR Modified Parameters
In the next section we will show how each of the variables of the Lorentz model
in Equation 3.5 are estimated, then expanded into a geometric series which results in a
relationship between the material parameters and the unit cell geometry of a metamaterial.
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3.5 Design Process
The design process described in this section was first presented in [46] and it
creates a searchable database of material parameters and associated metamaterial unit cell
geometries. It would be infeasible to run computer simulations for every possible geometric
combination to create this database. However, a mathematical relationship between the
geometry of a metamaterial unit cell and the resultant bulk material parameters would allow
a relatively simple method of accomplishing this. Once a relationship is established, we
can use the maximum precision of the target fabrication method to determine all geometric
combinations that can be fabricated, rendering material parameters that are physically
realizable.
In this design process, we select a metamaterial unit cell and simulate a finite set of
geometric variations, then extract the material parameters. For each of these cells, we wish
to find the variables in the Lorentz model which accurately describe material parameters of
a metamaterial made of the unit cell. Once we have the Lorentz variables for each of the
simulated geometries, we can expand these variables into a geometric series so that each
variable of the Lorentz model becomes a function of the geometry.
In Chapter 6 we will use this set of achievable material parameters to constrain an
optimization algorithm to design an optimal cloak that can be manufactured.
3.5.1 Model Estimation of the Resonant Material Parameter.
Previously, we discussed that the extracted material parameters of a metamaterial can
be modeled with the Lorentz model through the use of the modified parameters which
remove the effects of spatial dispersion. Once the modified parameters are extracted, we
can estimate the variables of the Lorentz model. This variable estimation is done through
curve fitting using the built in toolbox in MATLAB.
Using the extracted permeability from our example SSRR, we estimate the variables
of the Lorentz model that accurately describe the behavior of the modified permeability as
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seen in Figure 3.8. It is evident in this figure that the Lorentz model does a good job of
describing the behavior of the resonant material parameter. The next section details how
we can model the non-resonant material parameter.
Figure 3.8: Extracted and modeled modified permeability of an SSRR based metamaterial.
3.5.2 Modeling non-Resonant Material Parameters.
As seen in Figure 3.7, the modified permittivity is not very dispersive. Therefore, we
can simply model the behavior with a frequency series expansion as seen in Equation 3.8
m ≈ c0 f + c1 f 2 + c2 f 3 . . . cn−1 f n (3.8)
where f is the frequency and the coefficients are the variables of the model that need to
be estimated for an accurate description of m. The extracted and model description of
permittivity of an SSRR can be seen in Figure 3.9.
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Figure 3.9: Extracted and modeled modified permittivity of an SSRR based metamaterial.
This model can also be used to describe the non-resonant regions of the resonant
parameter where dispersion is not very pronounced.
3.5.3 Geometric Series Expansion of Model Variables.
Once we have extracted and modeled the modified material parameters of each of
the geometric combinations of metamaterial cells that were simulated, we formulate a
relationship between the extracted values and the geometry. This relationship is created
by expanding the variables of the models in Equations 3.5 and 3.8 of each of the simulated
metamaterials into a geometric series. Using the geometry of the SSRR in Figure 3.4, the
geometric series would take the form of Equation 3.9.
Fµ ≈ A0 + A1s + A2r + A3s2 + A4r2 . . . (3.9)
This is done for each of the model variables and the coefficients are estimated to describe
the behavior of the variable across the simulated metamaterial geometric combinations.
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Once the coefficients are known, we can substitute any geometric value to get the estimated
variable and in turn, the estimated material parameter.
3.5.4 Calculating All Manufacturable Material Parameters.
Now that we have an approximate relationship between the geometry and material
parameters of a metamaterial, we can create a set of material parameters that can be
fabricated. The main constraint in this portion of the design process is to determine the
maximum precision of our fabrication process so we can create a distribution of discrete
geometries that will be used to calculate the associated material parameters. This portion
of the process will provide the modified parameters and corresponding geometries, but
the effective parameters are needed. The expressions in Equation 3.10 can be used in
conjunction with the passivity constraints of Equation 3.3 and the Kramers-Kronig relation
to extract the index of refraction and impedance which can then render the effective material
parameters.
tan
(
nk0d
2
)
=
k0d
2
√
µmm
η =
√
µm
m
(3.10)
3.6 Design Process Example
As an example to demonstrate and to examine the accuracy of this design process,
we use the SSRR unit cell with the geometry seen in Figure 3.10; this example mirrors
that in [46]. We choose the dimensions of s and r to vary for the initial simulation
step. The different combinations can be seen in Table 3.1. Each of these geometric
combinations are simulated and the material parameters extracted. We estimate the model
parameters of the resonant model in Equation 3.5 to model the permeability and the non-
resonant model in Equation 3.8 to model the permittivity of each simulated geometric
combination. Next, these model parameters are expanded as a geometric series, as seen
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in Equation 3.9, and the coefficients are solved. Once these coefficients are known, any
geometric combination can be used to estimate the associated material parameters. In this
example, the material parameters are estimated for every geometric combination within the
ranges s = .1mm − 1.5mm, r = .1mm − .3mm with a step size of .01mm. This process
results in 2,961 estimated material parameters and their associated geometric combination
of s and r.
Figure 3.10: Square SSRR unit cell geometry on a 3mm x 3mm PCB substrate with the
following static dimensions: a=2.5mm, g=w1=.2mm
In an effort to validate this process and determine accuracy, a set of design process
results are compared to simulation results at 10GHz. We use the arbitrarily chosen 16 cells
in Table 3.2 for verification of the process. The comparison between the design process
material parameters and those simulated are shown in Figure 3.11.
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Cell s(mm) r(mm)
1 .1 .1
2 .1 .17
3 .1 .25
4 .1 .3
5 .75 .1
6 .75 .17
7 .75 .25
8 .75 .3
Cell s(mm) r(mm)
9 1.25 .1
10 1.25 .17
11 1.25 .25
12 1.25 .3
13 1.5 .1
14 1.5 .17
15 1.5 .25
16 1.5 .3
Table 3.1: Design process SSRR geometric combinations.
Cell s(mm) r(mm)
1 .3 .12
2 .3 .19
3 .3 .23
4 .3 .27
5 .5 .12
6 .5 .19
7 .5 .23
8 .5 .27
Cell s(mm) r(mm)
9 1.13 .12
10 1.13 .19
11 1.13 .23
12 1.13 .27
13 1.41 .12
14 1.41 .19
15 1.41 .23
16 1.41 .27
Table 3.2: Validation SSRR geometric combinations
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Figure 3.11: Metamaterial design process verification. The x’s show the simulation results
for the given cell at 10GHz and the o’s show the design process results for a cell of the
same geometry.
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From the validation data, it is evident that the design process was accurate for most of
the validation cell geometries, but error is especially evident in Cell 7. The error seen in
Cell 7 is due to the fact that Cell 7 resonates at 10GHz. The region of resonance is small, so
even a small deviation in the model could render large deviation in the material parameters.
In the end, this design process will give good estimations of the material parameters that
can be rendered by a metamaterial geometry, but these values will need to be validated
through simulation before finalizing any design.
3.7 Summary
In this chapter we discussed the method and validity of assigning material parameters
to bulk metamaterials. We also discussed modeling and a design process which provides
the relationship between the metamaterial unit cell and the bulk metamaterial material
parameters. Using this relationship between the geometry and material parameters of a
metamaterial, we can create a set of achievable material parameters and the associated
geometric combination. This set of manufacturable material parameters will be used in
conjunction with an optimization algorithm to design and fabricate an optimal cylindrical
cloak consisting of metamaterial layers in Chapter 6.
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IV. A Green’s Function Approach to Cloaking
In Chapter 2, we noted that current research was not amenable to designing a
physically realizable cloak. Specifically, the TO process is iterative and does not account
for the field penetration that is inherent in any approximation. Furthermore, the efforts in
optimization, which do account for field penetration, were not general nor efficient. The
goal of this chapter is to develop a general, efficient Green’s function based expression to
provide the link between cloak geometry/material parameters and cloaking effectiveness.
This expression could then be used as a cost functional for optimizing a cloak of any
stratification profile and provide insight to the scattering mechanisms.
Previous efforts in optimization derived an expression for the scattered fields of
a cloaked cylinder, then implemented this expression as a cost functional to minimize
scattering. However, to ensure the reduction in scattering was due to cloaking requires
the cost functional to account for all observation angles. This angle dependency makes this
type of cost functional very inefficient, especially for stratification profiles made of many
layers. The solution to this problem is to use a Green’s function development to derive
the cost functional which is inherently observation angle independent. The development
presented here is taken from the publication which was a result of this research [25].
A Green’s function provides the unitary response of a system. For the case of an n-
layered coated cylinder illuminated by an infinite line source, the Green’s function provides
the contribution of the line source and the contribution of the scatterer as observed at a given
location. If one could design an n-layered cylindrical coating where the contribution due
to the scatterer is 0, the result would be a cylindrical cloak. This is because the observer,
regardless of position (outside the cloak) and incident angle, will only observe the response
due to the source with no evidence of the scatterer. Therefore, the expression for the
contribution due to the scatterer can then be used as a cost functional to optimize a cloak
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design. This also means that this cost functional will be angle independent and therefore
more efficient than accounting for every angle as is seen in literature [51, 54].
Furthermore, the Green’s function contains information about the fields within the
cloak layer. Of particular interested are the excited surface waves that move in an
azimuthal direction along the PEC cylinder, sometimes referred to as creeping waves
[19, 23, 43]. These waves are of interest because they are dependent upon the material
coating parameters/thicknesses and can have a non-negligible affect on the scattering of a
coated cylinder [47].
The Green’s function of an n-layered coated cylinder presented in [17, 18] uses a
matrix formulation to enforce continuity of the tangential fields. However, for our purposes
a matrix formulation is not adequate for two reasons. First, certain geometry and material
parameter combinations could create a singular matrix that could hinder the convergence
of an optimal solution by the optimization algorithm. Secondly, the propagation constants
of the excited azimuthal surface waves correspond to the poles in the Green’s function and
therefore, access to the denominator is required.
The goal of this section is to create an algebraic expression for the response due to the
scatterer for a general stratification profile. The derivation is presented and the duplication
of results in literature is presented as validating cases. The expressions derived in this
chapter will be used in Chapter 5 to design an optimal isotropic cloak and in Chapter 6 to
design and later fabricate an optimal metamaterial cylindrical cloak.
4.1 A Green’s Function for an n-Layered PEC Cylinder
The Green’s function is presented in [18] and the full derivation can be seen in
Appendix B. The relevant geometry is shown in Figure 4.1 and it is important to note
that this Green’s function assumes that the source and observer will always be outside the
stratified media.
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Figure 4.1: n-layered Dielectric Coated PEC Cylinder Geometry [18]
The Green’s function is given as (4.1)
G = − j
4
∞∑
ν=0
ν
An+1ν
cos
[
ν
(
θ − θ′
)] [
An+1ν Jν (k0ρn) + B
n+1
ν H
(2)
ν (k0ρn)
]
H(2)ν
(
k0ρ
′)
(4.1)
An+1ν = 1
B1ν = −A1νKν
where ν is the Neumann number, Kν =
J
′
ν(k1a)
H
′(2)
ν (k1a)
for TE incidence and Kν = Jν
(k1a)
H(2)ν (k1a)
for TM
incidence. There are n layers in this geometry and the superscript of the Aiν, B
i
ν variables
denotes the associated ith layer. The An+1ν , B
n+1
ν variables correspond with the free space
region outside of the layered cylinder and Bn+1ν is solved through the coefficients A
i
ν, B
i
ν
by enforcing continuity boundary conditions of the tangential fields at the layer interfaces.
These boundary conditions are
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for the TM case and
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∣∣∣∣∣
ρ−
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∣∣∣∣∣
ρ+
(4.4)
1
−
∂
∂ρ
Hz
∣∣∣∣∣
ρ−
=
1
+
∂
∂ρ
Hz
∣∣∣∣∣
ρ+
(4.5)
for the TE case [5].
In order to solve for Aiν, B
i
ν coefficients, boundary conditions are enforced at each
interface as seen in Equation (4.6), where ′ denotes differentiation with respect to the
argument of the Bessel function. This results in a system of equations which can be
represented as a matrix equation [17], however our goal is an algebraic representation
because a matrix representation may become singular through the optimization process.
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κ =
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4.1.1 Calculating Bessel Functions.
Most efforts in literature have relied on asymptotic forms to calculate the Bessel
functions, namely the Debye/Watson [19, 43] or Olver [21, 22, 43, 44] approximations.
Accurately calculating the Bessel functions is critical when dealing with a stratified media
since any error will be compounded and become greater as the number of layers increases.
A numerical approach from [13] was implemented in this effort since it is valid everywhere
and claims an error of less than 6.24×10−14 in Wronskian tests. Furthermore, this numerical
approach is valid for complex mode and argument.
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4.1.2 Solving for the Scatterer Contribution.
The Green’s function presented in Equation (4.1) is made up of two portions, the
response due to the incident field and the response due to the scattered field as seen in
Equation (4.7).
Gtotal = Gincident + Gscattered (4.7)
The scatterer contribution of the Green’s function can be written as
Gscattered = − j4
∞∑
ν=0
ν cos
[
ν
(
θ − θ′
)]
Bn+1ν H
(2)
ν (k0ρn) H
(2)
ν
(
k0ρ
′)
. (4.8)
It is apparent from Equation (4.8) that Bn+1ν is the angle independent portion of the scatterer
contribution which accounts for the layers and material parameters. A general algebraic
expression for Bn+1ν can yield both a scattering cost functional and the associated azimuthal
wave propagation constants. Due to the recursive nature of the boundary conditions in
Equation (4.6), a general expression for A1ν of any stratification profile can be derived which
can then be used to solve for Bn+1ν .
To solve for A1ν in Equation (4.6), begin with the boundary conditions of the inner
layer then work towards outer layer until there is a system of 2 equations where A1ν is a
function of Bn+1ν . This system of equations can then be used to solve for an expression for
A1ν and therefore B
n+1
ν .
To simplify this process, the variables in Equation (4.9) are introduced. These
variables are derived from the boundary conditions at the nthlayer and free space junction.
The ν subscript is used in these variables to denote the dependency on the mode.
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Dν =
piρnkn
j2
[
κn
k0
H
′(2)
ν (k0ρn) H
(2)
ν (knρn) −
1
kn
H
′(2)
ν (knρn) H
(2)
ν (k0ρn)
]
Eν =
piρnkn
j2
[
κn
k0
J
′
ν (k0ρn) H
(2)
ν (knρn) −
1
kn
H
′(2)
ν (knρn) Jν (k0ρn)
]
Fν =
piρnkn
j2
[
1
kn
J
′
ν (knρn) H
(2)
ν (k0ρn) −
κn
k0
H
′(2)
ν (k0ρn) Jν (knρn)
]
Gν =
piρnkn
j2
[
1
kn
J
′
ν (knρn) Jν (k0ρn) −
κn
k0
J
′
ν (k0ρn) Jν (knρn)
]
(4.9)
This allows us to express the boundary conditions of the last layer from Equation (4.6) in
the compact form of Equation (4.10).
Anν = B
n+1
ν Dν + Eν
Bnν = B
n+1
ν Fν + Gν
(4.10)
Next, Equation (4.11) shows the variables which which account for the boundary
conditions of the intermediate layers 1 < i < n, where i is the index that refers to the
intermediate layer under examination.
Xiν =
pikiρi
j2κi+1
[
κi
ki+1
H
′(2)
ν (ki+1ρi) H
(2)
ν (kiρi) −
κi+1
ki
H(2)ν (ki+1ρi) H
′(2)
ν (kiρi)
]
Y iν =
pikiρi
j2κi+1
[
κi
ki+1
H(2)ν (kiρi) J
′
ν (ki+1ρi) −
κi+1
ki
Jν (ki+1ρi) H
′(2)
ν (kiρi)
]
Riν =
pikiρi
j2κi+1
[
κi+1
ki
Jν (ki+1ρi) J
′
ν (kiρi) −
κi
ki+1
J
′
ν (ki+1ρi) Jν (kiρi)
]
S iν =
pikiρi
j2κi+1
[
κi+1
ki
H(2)ν (ki+1ρi) J
′
ν (kiρi) −
κi
ki+1
Jν (ki+1ρi) H
′(2)
ν (ki+1ρi)
]
(4.11)
This leads to the general form of the ith intermediate boundary conditions as seen in
Equation (4.12).
Aiν = A
i+1
ν Y
i
ν + B
i+1
ν X
i
ν
Biν = A
i+1
ν R
i
ν + B
i+1
ν S
i
ν
(4.12)
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Finally, the process is repeated to get A1ν from the boundary conditions at the junction
between the first and second layers as seen in Equations (4.13), (4.14) and (4.15). The
Pν,Qν variables are derived from the boundary between the first layer and the PEC
boundary.
zn = j2κ1
zd = pik2ρ1
[
κ2H(2)ν (k2ρ1) Qν −
κ1
k2
H
′(2)
ν (k2ρ1) Pν
]
wn = j2κ1
wd = pik2ρ1
[
κ1
k2
J
′
ν (k2ρ1) Pν − κ2Jν (k2ρ1) Qν
]
(4.13)
Pν = Jν (k1ρ1) − KνH(2)ν (k1ρ1)
Qν =
1
k1
[
J
′
ν (k1ρ1) − KνH′(2)ν (k1ρ1)
]
(4.14)
Z = znzd
W = wnwd
(4.15)
The system of equations for A1ν are expressed as Equations (4.16) and (4.17).
A1ν = A
2
νZ (4.16)
A1ν = B
2
νW (4.17)
While the inner and outer boundary conditions in Equations (4.16), (4.17), (4.10)
are static in nature, Equation (4.12), containing the intermediate boundary conditions, is
dependent upon the number of layers. In an effort to automatically generate expressions
A2ν, B
2
ν of (4.16), (4.17) for any given stratification profile, the recursive nature of the
intermediate boundary conditions are leveraged. This can best be seen in the tree diagram
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shown in Figure 4.2 which is generated from the intermediate boundary condition A2ν =
A3νY
2
ν + B
3
νX
2
ν and substituting every subsequent intermediate boundary condition equation
of a 5 layer coated cylinder.
Figure 4.2: Substitution tree of a 5 layer dielectric coated cylinder created by solving for
A2ν with the intermediate boundary conditions.
The variables T and M account for the intermediate boundary conditions and are
made of the product of the variables along the path from the bottom to the top of the tree.
Likewise, a tree generated from the boundary condition B2ν = A
3
νR
2
ν + B
3
νS
2
ν will generate
the variables L and M. The tree diagram is especially helpful in generating the values of
T,M, L,N in code.
The variables T nν ,M
n
ν , L
n
ν,N
n
ν are specified as being made of a summation of 2
n−2
products of n − 2 variables. For instance, the expressions for the 5 layered cylinder can
be generated from Figure 4.2 and can be seen in Equation (4.18).
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νY
4
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2
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3
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4
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2
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3
νR
4
ν
M5ν = Y
2
νY
3
νX
4
ν + Y
2
νX
3
νS
4
ν + X
2
νR
3
νX
4
ν + X
2
νS
3
νS
4
ν
L5ν = R
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νY
3
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4
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4
ν + S
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νS
3
νR
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N5ν = R
2
νY
3
νX
4
ν + R
2
νX
3
νS
4
ν + S
2
νR
3
νX
4
ν + S
2
νS
3
νS
4
ν
(4.18)
The superscript and subscript to denote the dependence on the number of layers and order of
the Bessel functions respectively. With Equation (4.18), the system of boundary condition
equations in (4.10) and (4.12) can be solved to get general expressions of A2ν and B
2
ν in
terms of Bn+1ν as seen in (4.19).
A2ν =
(
Bn+1ν Dν + Eν
)
T nν +
(
Bn+1ν Fν + Gν
)
Mnν
B2ν =
(
Bn+1ν Dν + Eν
)
Lnν +
(
Bn+1ν Fν + Gν
)
Nnν (4.19)
Then, substituting the general form of (4.19) into (4.16) and (4.17) renders a system of 2
equations where A1ν is in terms of B
n+1
ν . Due to the form of the boundary conditions, the
solution is split into 3 cases: n = 1, n = 2, n > 2.
The single layer case can be seen in Equation (4.20) and is identical to the single layer
case in literature [24].
B2ν =
κ1J
′
ν (k0ρ1) Pν − k0Jν (k0ρ1) Qν
k0H
(2)
ν (k0ρ1) Qν − κ1H′(2)ν (k0ρ1) Pν
(4.20)
The double layer case can be seen in Equation (4.21).
B3ν =
zdGν − wdEν
wdDν − zdFν (4.21)
Finally, the expression for the n > 2 case can be seen in Equation (4.22).
Bn+1ν =
zd
(
EνLnν + GνN
n
ν
) − wd (EνT nν + GνMnν )
wd
(
DνT nν + FνMnν
) − zd (DνLnν + FνNnν ) (4.22)
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4.1.3 Cost Functional.
As was mentioned earlier, Bn+1ν can be used as an angle independent measure of the
contribution energy due to the scatterer for the νth mode in Equation 4.8. Specifically, Bn+1ν
is a function of frequency, layer thickness and material parameters. In this dissertation,
the free variables are restricted to the layer thicknesses and material parameters at a fixed
frequency. The goal of the optimization algorithm is to minimize the cost functional as
min
{∑∞
ν=0
∣∣∣Bn+1ν (Q)∣∣∣ : Q ∈ Λ} (4.23)
where Λ is the set of possible solutions. This set of solutions can either be continuous as is
the case in Chapter 5 or discrete as is the case in Chapter 6. Constraints must be placed on
the optimization algorithm to ensure the solution will be contained within the set Λ. This
is particularly important in Chapter 6 where Λ is made of discrete values.
4.2 Validation and Solving for the Azimuthal Surface Wave Propagation Constants
While these general expressions could be used to optimize a cloaked cylinder, they
can also be used to study the excited azimuthal surface waves which are central to the
study of radiation properties of conformal antennas and scattering of a coated cylinder
[1, 19, 24, 43, 44, 47]. The propagation constants of excited azimuthal surface waves
correspond with the complex mode ν that causes a pole in Bn+1ν . A pole in a Green’s
function denotes a source; in this case an impressed current which is associated with an
excited surface wave. In this section, some results in literature are duplicated as a way of
validating the expressions derived in this chapter. This comparison allows validation of the
denominator of our expression. The entire expression was also validated with the results
from the matrix formulation from [17].
4.2.1 Method.
The secant method is used, along with an initial guess, to search for the complex
roots of the denominator of Equations (4.20), (4.21) and (4.22). Solving for the poles of a
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given mode for an n-layer coated cylinder is an incremental process. To ensure the correct
pole is identified, the pole of the bare PEC cylinder is solved first. Then, the thickness
is incrementally increased, solving for the root at each increment. The subsequent root
serves as the initial guess for the next incremental thickness in an effort to track along the
same mode. This process can be done for any mode with the first mode associated with the
propagation constant that has the smallest imaginary portion (less loss).
4.2.2 Validation Results.
Validation of Equations (4.20), (4.21) and (4.22) were accomplished in two ways.
First, multiple test cases are compared using the algebraic expression in Equation (4.22)
with the result of the matrix formulation in [17]. Secondly, azimuthal propagation constants
of test cases in literature are duplicated.
While the main purpose of this section is to validate the expressions derived in this
chapter, the study of azimuthal surface waves may have role to play in optimizing cloaked
cylinders. As mentioned earlier, the excited azimuthal surface waves can have a non-
negligible affect on the scattering of a coated cylinder. In, [47], it was shown that azimuthal
surface waves have a non-negligible contribution to backscatter which is further enhanced
as attenuation of the propagation constants is reduced. The azimuthal propagation constant
can be expressed as ν = ν′ − jν” where ν′ is the phase velocity and ν” is the attenuation
rate or loss. In literature, it has been shown that the loss in these propagation constants is
dependent upon the incident polarization, material parameters of the coating, the size of
the structure and the thickness/number of the coatings [1, 19, 23, 24, 43, 44, 47].
In Figure 4.3, a 2 layer structure is assumed. The first layer is held constant
at a thickness of .05λ and the outer layer thickness increments are plotted with the
corresponding real portion of the propagation constant on the x axis and the imaginary
portion on the y axis. The results in this data illustrate how the change in layer thickness
and material parameters can affect the loss of the propagation constants. Figure 4.4
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shows a single layer coated cylinder with incremental thicknesses and corresponding
azimuthal propagation constants. The data exhibits excellent agreement between with
those in literature. To date, only single and double layer azimuthal wave results have been
published. To test the multilayer portion of the general expression, multiple layers were
used to make up the single and double layer as a self-validation. Further validation results
can be seen in [25].
Figure 4.3: TM incidence of 2 layer coated cylinder where a = 3.1331λ, ρ1 = .05λ and ρ2
is varied from 0 to .17λ. The solid lines with dots is our data while the x’s signify the data
extrapolated from [43].
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Figure 4.4: TE incidence of 1 layer coated cylinder with k0b = 40 and r = 4 − j1,
µr = 1 − j0.25. These results show the azimuthal propagation constants with varying
thickness of the coating. The solid line with dots is our data while the x’s represent the data
extrapolated from [44].
4.3 Summary
In this Chapter, an algebraic expression was derived for the contribution due to the
scatterer from the Green’s function of an n-layered PEC cylinder from [18]. This algebraic
expression can be used as a cost functional for optimizing a cylindrical cloak design or to
solve for the azimuthal surface wave propagation constants for an n-layered cylinder. In
the next chapter, this general expression is used as a cost functional to design and simulate
an optimized cloak made from many isotropic layers.
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V. Optimizing a Cloaked Cylinder
In the previous chapter, a cost function for describing the scattering of an n-layered
coated PEC cylinder was derived. In this chapter, that cost function will be validated by
implementing it to design and study optimized n-layered isotropic cloaked cylinders. While
the ideal TO cloak guides waves around a cloaked region solely through a continuous
material parameter gradient, the cloaks in this chapter are optimized using the Green’s
function which accounts for the material parameters, discrete layer thicknesses and the PEC
boundary condition at the cloak-cylinder interface. Since the structures in this chapter use
the inner PEC boundary condition to cloak, they are more like waveguides than ’traditional’
TO cloaks which do not.
The results of optimized cloaked cylinders comprised of 10, 20 and 30 equal thickness
layers are presented for both TE and TM cases. In these cases, the geometry is static and
only the material parameters are optimized. Additionally, a 10 layer cloak is optimized for
the layer thicknesses and material parameters for the TE and TM case.
5.1 Method
In Section 5.2.1, the Nelder-Mead simplex search method implemented in MATLAB
is used to perform an unconstrained optimization of the material parameters, assuming
layers of equal thickness. This method requires an initial guess and the results are
dependent upon this guess. The TO effective medium approximated isotropic values
discussed in Chapter 2 serve as the initial guess.
In Section 5.2.2, the cloaked cylinder is optimized for material parameters in
addition to individual layer thicknesses. The constrained active-set optimization algorithm
implemented in MATLAB is used to ensure valid layer thicknesses (ie ρ1 < ρ2). The initial
guess in this section is made of the optimized results from the previous optimized cloaks
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in Section 5.2.1. Regardless of the number of parameters, the optimization algorithm for
all test cases in this chapter run until the change in the cost functional is less than 10−6,
which is quite small considering the cost functional result for the bare PEC cylinder is∑∞
ν=0
∣∣∣Bn+1ν ∣∣∣ ≈ 4.4.
5.2 Results
In this section, the results for TE and TM incidence are presented for the different
optimization test cases. The results of the ideal anisotropic TO cloak, 10 layer TO
effective medium isotropic approximation and optimized cloak are compared. To verify this
optimization design method, the optimized cloaked cylinders were simulated in COMSOL,
a Finite Element Method(FEM) based commercial Computational ElectroMagnetic (CEM)
software package.
5.2.1 Optimizing Material Parameters.
In this section, the PEC cylinder radius is a = 1λ. The outer radius of the entire
structure is b = 2λ and all of the layers are of equal thickness. The REW simulation data
can be seen in Figures 5.1 and 5.2. It is evident that optimizing a cloak with more layers
does not change the REW significantly and the performance of the optimized TE and TM
cloaks are somewhat comparable in contrast to the simulated ideal TO cloaks. It is also
noted that the 10 layer optimized TM cloak can achieve better cloaking performance than
the simulated TM ideal anisotropic TO cloak, but the same is not true for the TE case; this
will be discussed later in Section 5.2.3. The optimized material parameters were omitted
here for brevity, but can be seen in Tables A.1, A.2, and A.3 in Appendix A.
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Figure 5.1: REW comparison with TEz incidence.
Figure 5.2: REW comparison with TMz incidence.
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5.2.2 Optimizing Material Parameters and Layer Thicknesses.
In this next test case, the effects of optimizing material parameters in conjunction
with layer thicknesses are studied. The PEC cylinder radius is maintained at a = 1λ, then
the individual layer material parameters and thicknesses are optimized. The sum of the
layer thicknesses will dictate the outer radius, b. The initial guess for the test structures
in this section is made of the 10 layer geometry and optimized material parameters of
Section 5.2.1.
As in the previous section, the optimization results in Tables 5.1 and 5.2 show that the
geometry and material parameters for optimal cloaking are quite different between the TE
and TM cases. The simulation field patterns can be seen in Figure 5.3 and the corresponding
REW plots can be seen in Figures 5.4 and 5.5. These results indicate that optimizing both
material parameters and layer thicknesses renders more effective cloaks than through just
material parameters alone.
This is expected as demonstrated by the system of equations that are used to solve
for the coefficients of the Green’s function in Equation 4.6. For convenience, the first and
second layer expressions can be seen in Equation 5.1.
A1ν
[
Jν (k1ρ1) − KνH(2)ν (k1ρ1)
]
= A2νJν (k2ρ1) + B
2
νH
(2)
ν (k2ρ1)
A1ν
κ2
k1
(
J
′
ν (k1ρ1) − KνH
′(2)
ν (k1ρ1)
)
=
κ1
k2
(
A2νJ
′
ν (k2ρ1) + B
2
νH
′(2)
ν (k2ρ1)
)
(5.1)
When only the material parameters are optimized, only a portion of the Bessel function
argument and the term κi+1ki can be manipulated. However, when layer thickness is added as
a free variable, the Bessel function argument can be manipulated somewhat independently
to the term κi+1ki . It is this additional fine tuning to the Bessel function argument that results
in more optimal cloaks.
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Layer r µr ρ(λ)
1 13.2151 0.3580 1.0809
2 0.0165 0.5227 1.0948
3 7.6057 0.5209 1.1826
4 0.1134 2.0364 1.2721
5 5.2840 1.6437 1.3499
6 0.1119 1.7774 1.3973
7 5.3018 1.6098 1.5120
8 0.1134 1.5120 1.5434
9 3.4234 2.0896 1.6009
10 0.5826 0.8274 1.6492
Table 5.1: Optimized material parameters and layer thicknesses for a 10 layer isotropic
cloak with TEz incidence and fixed inner radius a = 1λ. The outer radius is b = ρ10 =
1.6492λ.
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Layer r µr ρ(λ)
1 1.0028 6.6475 1.1002
2 1.1884 0.0226 1.1392
3 0.9212 8.6933 1.2481
4 0.9577 0.1493 1.3287
5 1.6500 4.3149 1.4287
6 2.7566 0.0745 1.4908
7 3.0754 4.2868 1.5786
8 1.2093 0.0410 1.5941
9 2.9656 3.1757 1.6625
10 0.2619 0.6178 1.7166
Table 5.2: Optimized material parameters and layer thicknesses for a 10 layer isotropic
cloak with TMz incidence and fixed inner radius a = 1λ. The outer radius is b = ρ10 =
1.7166λ.
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Figure 5.3: zˆ directed fields for (a) TEz and (b) TMz cloaks with optimal material
parameters and layer thicknesses. Power flow is from left to right.
Figure 5.4: REW Comparison between fixed geometry optimized cloaks and a 10 layer
cloak with optimized material parameters and geometry for TEz incidence.
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Figure 5.5: REW Comparison between fixed geometry optimized cloaks and a 10 layer
cloak with optimized material parameters and geometry for TEz incidence.
5.2.3 Further Discussion.
It is apparent that through optimizing large sets of cylindrical cloak parameters,
bistatic scattering behavior of optimized cloaks can potentially rival that of the simulated
ideal TO cloaks. It should be reiterated that the simulated ideal TO cloaks do not
perform ideally due to the discretization however, the simulated results do allow a case
for comparison.
A few observations can be made from the results of the optimized cloaks. First, as
noted before, the optimized parameters do not exhibit the dual nature that is dictated by TO
cloak design. This is due to the fact that the cost functional takes into account the difference
between TM and TE impingement upon a PEC cylinder. When the cost functional is
minimized, the interaction with the PEC boundary is used in conjunction with the cloak
layers and material parameters to provide all angle reduction of REW. In contrast, the ideal
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TO cloak operates purely through the graded material parameters due to its foundation in a
coordinate transform. In this regard, the optimized structures presented here are more akin
to waveguides than a TO cloak.
Furthermore, it is also noted that the optimized TM cloaks were able to cloak better
than the simulated ideal TO cloaks but this was not the case for the optimized TE cloaks.
This may be due to the excited azimuthal surface waves. Neither the TO method nor the
optimization in this chapter take these surface waves into account when designing a cloak.
As the main scattering contribution of the reflected energy is minimized, the contribution
of an excited surface waves becomes more dominant. Therefore, it is possible that the
differences in the simulated ideal TO cloaks in relation to the optimized cloaks can be
attributed to these surface waves.
Also, the lobing nature of the bistatic REW is curious. This seems to indicate a non-
negligible effect from excited azimuthal surface waves which affect the backscatter REW
of a coated cylinder [47]. Furthermore, the propagation constants of excited azimuthal
surface waves are highly dependent upon the stratification profile, material parameters and
incident polarization [19, 23, 43, 44]. As such, further study of these waves may provide
more insight into the scattering of non-ideal cloaks. It may be possible that an optimization
process which takes this into account could surpass the results presented here. However,
due to early success of optimizing for material parameters and layer thicknesses, research
into the excited azimuthal surface waves was not pursued further and is added as a topic
for future research in Chapter 8.
5.3 Summary
In this Chapter, the cost functional of Chapter 4 was validated by implementing it to
optimize isotropic cylindrical cloaks for 10, 20 and 30 layers with TE and TM incidence.
The optimization process resulted in TM cloaks which surpassed the simulated ideal TM
cloak with as little as 10 isotropic layers of equal thickness. The results of these optimized
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cloaks indicate that the inherent difference between TM and TE incidence plays a role in
these non-ideal cloaks since the optimized material parameters are not duals of each other
as is the case with the ideal TO cloak. Most importantly, the ability to optimize large sets
of parameters allow for the design and study of optimal isotropic cloaks that can approach
the performance of the simulated ideal TO cases. In the next Chapter, this Green’s function
based optimization approach is implemented to design and fabricate a metamaterial cloaked
cylinder.
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VI. Metamaterial Design Process for an Isotropic Cylindrical Cloak
The theory and expressions presented in Chapters 4 and 5 are general and as such,
are not limited to implementation via metamaterials. In this research effort, metamaterials
were chosen to fulfill the material parameters dictated by the optimization process for a few
reasons. Primarily, the focus is to study the feasibility of a metamaterial implementation
and the validity of the inherent assumptions. Secondly, metamaterials based on metal traces
on a PCB substrate are relatively simple to manufacture.
Previous physical cloaks include one based on a geometry of fins of PCB metamate-
rials pointing radially outward from a conducting cylinder [10] and of concentric rings of
PCB metamaterials surrounding a conducting cylinder [36]. Both of these geometries are
challenging to fabricate. The ring structure requires spokes, and the fin structure requires
the cloak layer be infused with resin so the fins are stabilized as a static structure. Also,
both of these previous efforts only made use of a single type of metamaterial unit cell. Con-
trary to these designs, the goal of this chapter is to design a cloak that is easier to fabricate.
Multiple metamaterial unit cells are used to increase the variety of achievable material pa-
rameters. Furthermore, while the previously designed physical cloaks were based on the
TO method, the cloak presented in this chapter is not.
In this chapter, the design process and fabrication of a disk shaped metamaterial-
on-PCB architecture for a 4-layer TE cloaked cylinder is presented. The intent is to
determine an optimal cloaked cylinder design for the disk geometry with a predefined
set of metamaterial unit cells. Using the design process described in Section 3.5, a set of
manufacturable metamaterial material parameter solutions is enumerated. The optimization
process of Chapter 5 is then implemented to optimize over this set of manufacturable
solutions. The final result is a cloak layer of metamaterial disks that stack around a
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conducting cylinder. The final structure is 8cm in height made of 14,679 individual
metamaterial cells.
6.1 Metamaterial Solutions
While Chapters 5 and 6 provide a relatively unconstrained framework to find optimal
cloak solutions, now constraints are required to limit the optimization search to those
parameters that are manufacturable. It stands to reason that a larger and more diverse set
of possible solutions has a better chance of rendering a more effective cloak. To this end,
two different resonant and non-resonant metamaterial unit cells with varying geometries
generate the set of possible material parameter solutions. The metal traces are centered on
a 3mm x 3mm square of PCB and assume a 2mm space will exist between the metamaterial
disks of the final structure. As with the simulations in Chapter 3, the simulation performed
in this section assume an infinite slab of one unit cell thickness for extracting material
parameters. These cells can be seen in Figure 6.1.
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Figure 6.1: Metamaterial unit cells and corresponding geometry of an H cell (top left),
square cell (top right), SSRR (bottom left) and DSRR (bottom right). Each cell is centered
on a 3mm x 3mm portion of FR4 PCB material. The variables w1 = g = .2mm, w2 = .3mm
and aS SRR = 2.1mm are static.
A laser engraver is used to fabricate these metamaterial cells on FR4 substrate. The
laser engraver burns away the unwanted copper and leaves behind the metal traces of the
metamaterial cells. The maximum resolution of the laser etcher is about 40µm which is then
used in the design process to enumerate the possible geometric combinations of the unit
cells. This fabrication method chars the PCB material and therefore changes the material
parameters of the FR4 substrate. To account for this, a sample of FR4 with the copper
completely burned away was measured in a waveguide and the permittivity was measured
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as r = 4.8 − j.35 at 10GHz. This measured value of permittivity is then used in the design
process simulations.
The geometric combinations of the H and square unit cells are not resonant at our
target frequency, so the design process for the non-resonant parameters presented in
Section 3.5.2 can be used to enumerate the manufacturable material parameters. The
SSRR and DSRR must use the resonant models in the design process to enumerate the
manufacturable material parameters. However, the design process for the resonant SSRR
and DSRR cells was not successful because of a coding error that was not identified
until after fabrication. Due to this breakdown in the design process, the geometric
combinations of the SSRR and DSRR unit cells were individually simulated to enumerate
the manufacturable material parameters. The entire set of manufacturable parameters can
be seen in Figure 6.2, where each data point represents a unique geometric combination of
the associated unit cell. Although any given geometric combination renders a permeability-
permittivity pair, there is no easy way to visualize all of this data in a single graph.
Therefore, the plots in Figure 6.2 are useful as a visual aide only. This process resulted
in 3,525 physically realizable solutions of permittivity-permeability pairs.
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Figure 6.2: Manufacturable permittivity-permeability pairs made from different geometric
combinations of the metamaterial unit cells in Figure 6.1 at 10GHz. Each data point
corresponds to a unique geometric combination of the until cell.
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6.2 Structure Geometry and Assumptions
The next challenge is to determine the assumptions needed to place the 3mm x 3mm
unit cells along the circular paths that make up the layers of the cloak. The cloaked cylinder
has a cylinder radius of a = 1λ, an outer radius if b = 1.8λ. The cloak material is made
of 4 layers that are .2λ in thickness. Each of these layers is made of 2 rows of a single
metamaterial unit cell. Using a design of only 4 layers greatly decreases the time required
during optimization. Also, using 2 rows of metamaterial cells for each layer allows for an
outer diameter that is close to that used in Chapter 5 to allow some comparison. The final
design can be seen in Figure 6.3. These disks will be stacked around a PEC cylinder core.
This section discusses the assumptions that allow us to arrive at the final design.
Figure 6.3: Final metamaterial cloaked cylinder design layout.
The most important assumption that will be tested is that the material parameters of an
isotropic cloak design can be fulfilled by metamaterials assuming normal incidence. Since
the material parameters of metamaterials are anisotropic and dependent on the orientation
of the incident field, normal incidence of TE plane waves is assumed. Since the design
process is based upon simulations of an infinite sheet of a metamaterial that is one cell deep,
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coupling in the direction of propagation is not taken into consideration. This assumption
will also be tested since there will be some coupling in the direction of propagation that
could affect the effective material parameters.
Each of the unit cells simulated in the design process assumes a 3mm X 3mm PCB
substrate. Since only an integer number of unit cells can be placed in each concentric ring,
the spacing will not be the same as those used in the design process. This will have some
effect on the neighbor to neighbor interaction, but the assumption here is that it will be
negligible.
6.3 Optimization Process
In this section, the steps of optimization are detailed. The largest problem in
optimizing a cloak over the set of manufacturable parameters is that it is difficult to
constrain the optimization algorithm to search within a set that are seemingly random.
It is possible to constrain an optimization algorithm to search within an upper and lower
bounds, but as is seen in Figure 6.2, there are a lot of values within the bounds that are not
manufacturable with our selection of metamaterials.
To address this difficulty, a two part quasi brute force optimization approach is used.
First, constraints consisting of the upper/lower boundaries and the relationship between
the permittivity-permeability pairs of the manufacturable solutions are employed during
optimization. The second part involves matching the optimized parameters with the closest
manufacturable parameters. Then, a brute force substitution of one layer is used while the
other layers are held constant. For each substitution, the cost functional is calculated and
the manufacturable parameter pair that results in a minimized cost functional is chosen.
This process is repeated for each of the four layers and makes multiple passes until the cost
functional value stabilizes. The constrained active-set optimization algorithm included in
MATLAB is used in this design process with an initial guess of free space. That is, the
material parameters of all four layers are set to r = µr = 1 as an initial guess. Therefore,
76
this cloak is designed completely through the Green’s function optimization process and
not through the TO method.
6.3.1 Part 1: Optimizing Within Manufacturable Metamaterial Bounds.
The purpose of this portion of the optimization process is to find a set of optimal
cloak material parameters within the bounds dictated by the manufacturable solutions in
Figure 6.2. In this part of the optimization process, an upper bound and lower bound is used
to constrain the possible real and imaginary parameter guesses made by the optimization
algorithm. The optimization algorithm is further constrained with relational differences
between the possible material parameter pairs. With a matrix constraint equation, the
maximum and minimum differences in the material parameter pairs that the optimization
algorithm can use can be dictated. As an example, the layer 1 constraint matrix can be seen
in Equation (6.1).

1 0 −1 0
0 1 0 −1
−1 0 1 0
0 −1 0 1


Re(r1)
Im(r1)
Re(µr1)
Im(µr1)

≤

max
(
Re(manu f acturabler ) − Re(µmanu f acturabler )
)
max
(
Im(manu f acturabler ) − Im(µmanu f acturabler )
)
−min
(
Re(manu f acturabler ) − Re(µmanu f acturabler )
)
−min
(
Im(manu f acturabler ) − Im(µmanu f acturabler )
)

(6.1)
This results in an optimization algorithm that is constrained by the maximum and
minimum values of the manufacturable material parameters in addition to the maximum
and minimum difference between the manufacturable permittivity-permeability pairs. The
optimization algorithm runs until the output of the cost functional changes by less than
10−25. This seems like overkill but ensures the algorithm will continue to run until a
minimum is found. The material parameter results of this optimization step can be seen
in Table 6.1 and the simulated REW of a cloaked cylinder with these parameters can be
seen in Figure 6.4. It is evident that the performance seen in Chapter 5 will not be achieved
through this set of manufacturable material parameters. This can be explained by first
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noting the material parameter pairs in the optimized 10 layer cloak of Chapter 5, seen in
Appendix A. The layers in the optimized 10 layer cloak contained material parameter pairs
that alternate which parameter is larger. In our set of manufacturable solutions, permittivity
is always larger. This is addressed as an area of further research in Chapter 8.
Layer r µr
1 6.48-j0.3643 0.29+j0.001
2 3.87+j0.7711 0.61-j0.2282
3 10.02-j0.5067 0.31+j0.0049
4 2.25+j0.2926 0.36-j0.1546
Table 6.1: Material parameter results from part 1 of the optimization process.
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Figure 6.4: REW comparison of simulated infinite cylinder with homogeneous isotropic
layer material parameters in Table 6.1.
6.3.2 Part 2: Matching and Optimizing Individual Layers.
Once an optimal design is identified within the prescribed constraints, the next step is
to find the best material parameter match among the manufacturable material parameters.
This is accomplished by comparing the distance (via Pythagorean theorem) between the
desired value and all of the manufacturable values, then choose the match with the smallest
difference. Once the best match for each of the layers is found, the baseline cost functional
for this profile is calculated.
Even though the closest material parameter match is identified, there is no guarantee
that the closest match will render a minimized cost functional simply because the closest
match is still a deviation from the optimal value. In an effort to ensure the material
parameter chosen for each layer renders a minimized cost functional, a brute force search
is employed. Each of the possible material parameter pairs is substituted into layer 1 while
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the layers 2-4 material parameters are held constant. The cost functional is calculated for
every layer 1 substitution and the material parameter pair with the minimum cost functional
value is chosen for layer 1. This is accomplished for each layer in turn and multiple passes
through all four layers is performed until the cost functional value stabilizes. This required
8 passes which were performed within a 24 hour period using an 8-core workstation. The
final values and metamaterial cell geometries can be seen in Table 6.2. It should be noted
that all 4 layers of metamaterials in this table are functioning in their respective non-
resonant regions which means the respective parameters will not change much as frequency
changes. The REW simulation results can be seen in Figure 6.5.
Layer r µr Cell Type Geometry(mm)
1 4.77+j0.0384 0.90-j0.0684 H a=2.7, L=.97
2 2.15+j0.0005 0.99-j0.0491 Square a=.7
3 4.69+j0.0191 0.7167-j0.0442 Square a=2.34
4 3.72-j0.2200 0.633-j0.0277 SSRR s=1.45, r=.1
Table 6.2: Material parameter results from part 1 of the optimization process.
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Figure 6.5: REW comparison of simulated infinite cylinder with homogeneous isotropic
layer material parameters in Table 6.2.
6.3.3 Metamaterial Cloaked Cylinder Simulation Results.
The 2D REW simulation data in the previous section assumed homogeneous
isotropic materials. However, since metamaterials are neither homogeneous nor isotropic,
a simulated metamaterial cloak will show how well the 2D homogeneous isotropic
simulation can predict the 3D metamaterial implementation. In terms of simulation, this is
quite a bit more challenging since we are now simulating a 3D space and each metamaterial
cell must be meshed, which translates to larger problem sizes and requires more time and
system memory. Because of this, the simulated metamaterial cloak is assumed to be infinite
in length, so only one disk (see Figure 6.3) must be meshed. We do this by applying
a Perfect Magnetic Conductor (PMC) to the top and bottom of the simulation space to
account for field coupling in the zˆ direction.
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The height of one disk includes the thickness of the FR4 substrate as well as the 1mm
spacer on top and bottom giving this simulated cloak a height of 2.787mm. However, this
was still too large of a problem, so symmetry in the y-direction is assumed. This isn’t
entirely true since the metamaterial cloak is not symmetric across the y=0 axis, but this
should give a reasonable idea of the cloaking effectiveness. Note also that since we are
examining a 3D structure we use RCS as a measure of cloaking effectiveness instead of the
2D REW. The zˆ directed field patterns of the simulated metamaterial cloak and bare PEC
can be seen in Figure 6.6.
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Figure 6.6: zˆ directed magnetic field for bare PEC cylinder (top) and metamaterial cloaked
cylinder (bottom) at 10GHz. Power flow is from left to right.
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The field pattern of the metamaterial cloak does exhibit field bending in the cloak
layer, but we must turn to the RCS characteristics to compare the scattering of the bare
PEC and the metamaterial cloak which can be seen in Figure 6.7. The RCS plots of the
metamaterial cloaked cylinder in Figure 6.7 show similar behavior to that of the REW of
the isotropic homogeneous cloaked cylinder from Figure 6.5.
Figure 6.7: RCS of simulated metamaterial cloaked cylinder and bare PEC cylinder of
2.787mm height and at a frequency of 10GHz.
Since this structure is based on metamaterials which are dependent upon frequency, it
is important to determine how this cloak performs across the frequency range. Although
this cloak was designed for 10GHz, the geometry of the metamaterial cells was constrained
to the maximum precision of the fabrication process. This resulted in a ’best fit’ geometry
for this frequency. It is certainly possible that this structure will be a more effective cloak at
a different frequency since the material parameters of our ’best fit’ metamaterial geometry
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and overall structure size are functions of frequency (wavelength). The data in Figure 6.8
shows bistatic RCS of the bare and cloaked cylinders across the frequency range of 5GHz-
15GHz. From this data, it is evident that the metamaterial cloak increases the forward
scatter for every frequency in this range, but does show some frequencies where the RCS is
noticeably reduced over multiple bistatic angles. In particular, the bistatic RCS near 10GHz
and 8GHz stand out.
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Figure 6.8: Bistatic RCS for the frequency range 5GHz-15GHz of the simulated bare
PEC(top) and metamaterial cloaked cylinder(bottom) of 2.787mm height.
In the next section, the fabrication process is explained. The geometry of the final
structure is then measured and simulations of the ’as fabricated’ cloak are performed to
give a baseline to compare with the measured experimental data presented in Chapter 7.
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6.4 Structure Fabrication
The simulations of the metamaterial cloaked cylinder portray the effectiveness of
an ideally manufactured metamaterial cloak. Any manufacturing process will introduce
deviations from this ideal and need to be examined in order to account for any
differences between the ideal simulation and real world measurements. In this section,
the manufacturing process is explained and examined for possible deviation from the ideal
simulation.
6.4.1 Method.
The PCB material is FR4 which is .787mm thick and has a layer of .5oz copper
cladding. An EpilogLaser 30W laser engraver is used to create the metamaterial features
and to cut out the cloak disks. The CAD layout of our structure is sent to the laser engraver
which acts like a printer and burns away the unwanted copper. Determining the proper
power/speed settings is an iterative process and these settings do affect each other. For
example, a reduction of speed equates to the laser impinging a certain area for a longer
amount of time which would require fine tuning of the power and frequency settings. In
the end, the settings in Table 6.3 were used for both etching the metamaterials and cutting
out the disks.
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Etching
dpi 1200
type raster
speed 10%
power 75%
frequency 36
Cutting
dpi 1200
type vector
speed 35%
power 90%
frequency 26
Table 6.3: EpilogLaser laser engraver settings for etching the metamaterials and for cutting
out the disks.
With these settings, accurate features could be created but resulted in some charring
to the FR4 substrate which does affect the material parameters as was stated previously.
The underlying assumption here is that the charring effects of the laser etching are uniform
throughout the FR4. However, this is ultimately a function of the laser focus since the
amount of material removed by the laser is dependent upon the focus. To ensure the
PCB is as flat as possible, it is secured to the laser engraver with tape and weights. Any
manufacturing defects of the PCB or copper cladding thickness could also contribute to
inconsistent laser etching properties.
Once the disks are etched and cut out, the edges are lightly sanded to make a smooth
surface. The last step in this process was to wash the disks with acetone to remove any
debris. After cleaning the disks, the cloak can be constructed. The foam spacers are cut out
by hand using one of the disks as a template.
When constructing this cloak, it is important that the metamaterials line up in the zˆ
direction. To aid in this alignment, a flat line was designed into the outer circumference of
the disk as can be seen at the top of the layout in Figure 6.3. Once the disks and foam are
stacked and properly aligned, a piece of flexible copper clad PCB is cut and shaped into a
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cylinder to fit within the disks. Copper tape was used to cover the joining edges of the PCB
cylinder. Lastly, dielectric tape is used to secure the structure.
To ensure an accurate comparison with a bare cylinder, an identical length of flexible
PCB is cut and wrapped around a foam core to simulate the PEC cylinder in the cloak
structure. The joining edge in the bare cylinder is also taped with copper tape. While,
this creates a reasonable comparison object, neither the bare cylinder or the cylinder in the
cloak structure are perfect cylinders.
6.4.2 Results.
The final cloak structure and individual disk can be seen in Figure 6.9. A microscope
was used to verify the individual metamaterial geometries and to spot any manufacturing
abnormalities; this can be seen in Figure 6.10. The scalloped edges are due to the diameter
of the laser and the lack of right angles is also evident in the H cell. These deviations from
the ideal design are not expected to cause a significant difference.
Figure 6.9: Constructed cloaked cylinder.
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Figure 6.10: Microscope images of the metamaterial structures on the cloak disks.
6.4.3 Simulations as fabricated.
After the cloak was constructed, the foam was measured to determine the thickness.
The foam implemented in this structure is thicker than the 2mm designed for, but it was
unknown how much compression would occur after construction. The foam was measured
to be 3.1mm which is a lot thicker than the initial design requirement. Due to this deviation,
the simulated results are reaccomplished with this ’as fabricated’ spacing change. The
single layer metamaterial cloak is simulated and compared with the same size bare PEC
cylinder. The individual metamaterial cells are also simulated to see what effect this spacing
change will have on the material parameters.
The metamaterial parameters with the new ’as fabricated’ spacing are presented in
Table 6.4.
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Layer r µr Cell Type Geometry(mm)
1 3.8222 - j0.2696 0.9240 + j0.0059 H a=2.7, L=.97
2 1.8276 - j0.0772 0.9925 + j0.0002 Square a=.7
3 3.7167 - j0.2144 0.7761 + j0.0028 Square a=2.34
4 2.9803 - j0.1564 0.6965 - j0.0230 SSRR s=1.45, r=.1
Table 6.4: Metamaterial parameters with ’as fabricated’ spacing.
The simulated isotropic homogeneous REW using the values in Table 6.4 can be seen
in Figure 6.11. The 3D field patterns of the bare PEC and metamaterial cloak can be seen
in Figure 6.12 and the associated RCS plot in Figure 6.13.
Figure 6.11: REW comparison of simulated infinite cylinder with homogeneous isotropic
layer material parameters in Table 6.4.
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Figure 6.12: zˆ directed magnetic field for bare PEC cylinder (top) and metamaterial cloaked
cylinder as fabricated (bottom) at 10GHz. Power flow is from left to right.
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Figure 6.13: REW of simulated infinite metamaterial cloaked cylinder and bare PEC
cylinder at 10GHz.
Lastly, the bistatic RCS across the frequency range 5GHz-15GHz for the bare and
cloaked cylinder with the ’as fabricated’ dimensions can be seen in Figure 6.14. As
expected, this data shows a degradation in performance from the cloak with the original
dimensions.
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Figure 6.14: Bistatic RCS for the frequency range 5GHz-15GHz of the simulated bare
PEC(top) and metamaterial cloaked cylinder(bottom) with the as fabricated height of
3.887mm.
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6.5 Summary
In this chapter, the process to design and then fabricate a metamaterial cloaked
cylinder was presented. The framework laid by the previous chapters was used to optimize
cloaking performance over a set of manufacturable material parameters generated by a set
of metamaterials. The finalized design was then fabricated, geometry was verified and
simulations updated with the ’as fabricated’ geometry. While data in this chapter are all
based on simulations, the next chapter presents the experimental RCS measurements taken
at the AFIT indoor radar range.
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VII. Experimental RCS Measurements
In Chapter 6, an optimal metamaterial cloak was designed, fabricated and simulated.
In this chapter, the experimental RCS measurements of the metamaterial cloak are
presented. The method of calibration and error associated with both the bistatic and
monostatic measurements are also described. In the end, the simulated 2D Green’s function
isotropic optimization results of Chapter 6 are a reasonably accurate predictor of the
performance of the physical metamaterial cloaked cylinder.
7.1 Experimental Measurement Results
Measurements of the fabricated cloaked cylinder were taken at the AFIT indoor radar
range as seen in Figure 7.1. This range has the ability to perform both bistatic and
monostatic measurements. In this section, the method of calibration and measurements are
explained. Finally, the monostatic and bistatic measurements of the metamaterial cloaked
cylinder and bare PEC are presented.
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Figure 7.1: AFIT radar range setup. The energy from the emitter is reflected to create
plane wave illumination. The bistatic receiver is mounted on an arm that revolves around
the target pylon.
7.1.1 Calibration and Measurement Method.
Calibration is critical in taking accurate RCS measurements. Calibration allows for the
extraction of the fields scattered by the target from the measured data and determines what
post-processing correction is needed. Time delay gating is used in addition to measurement
data of the empty range and two calibration cylinders to calibrate and correct the measured
target data. Two calibration cylinders that are commensurate in size to the cloak are used
and can be seen in Figure 7.2. This allows us to get an accurate error analysis of objects
near this size. The two calibration cylinders have a 450mm radius and a 375mm radius.
Throughout this chapter they are referred to as the 450 and 375 calibration cylinders.
The expression used for calibration is seen in Equation 7.1. This expression removes
the background clutter, then applies a correction factor which is based on the relationship
between the measured calibration cylinder data and the exact calibration cylinder solution.
97
Figure 7.2: In order from left to right is the cloaked cylinder (540mm radius), bare cylinder
(300mm radius), 450mm radius calibration cylinder and 375mm radius calibration cylinder.
σcalibrated3D =
[
CalCylexact
CalCylmeasured − Backgroundmeasured
]
(Targetmeasured − Backgroundmeasured)
(7.1)
The calibrated data can be verified by using the measurements of one calibration cylinder
to calibrate the measured data of the other calibration cylinder. That is, one calibration
cylinder serves as the Targetmeasured and the other serves as the CalCyl. This calibrated
measurement is then compared with the exact solution to determine the error in the
measurements. This calibration must be done for each measurement because measurement
data can drift over time due to external factors like temperature and movement of cables.
The mean (µ) of the error is calculated along with the standard deviation (σ) and Gaussian
distribution curve is overlayed to determine how close the error distribution is to a true
Gaussian distribution. In a Gaussian distribution (also referred to as a normal distribution),
68% of the error is within µ ± σ and 95% of the error is within µ ± 2σ.
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In the following sections, the calibration and error are presented along with the
monostatic and bistatic measurements.
7.1.2 Monostatic rotated target.
Recall in Chapter 1, a monostatic radar setup has a colocated emitter and receiver. The
monostatic set of measurements are taken across a frequency range of 5GHz to 15GHz as
the target object is rotated 360o. Since the distance between the emitter and target is static,
the amount of time for a scattered field to travel back to the receiver is used to gate out any
secondary contributions.
7.1.2.1 Calibration Analysis.
After calibration, the error for TE and TM incidence is determined and can be seen
in Figure 7.3. The error in these figures is calculated by calibrating the measured 375
calibration cylinder data and comparing to the exact solution. Error analysis was also
performed on the calibrated 450 data and showed similar error statistics.
Figure 7.3: Error in the monostatic frequency sweep of the 375 calibration cylinder for TM
(left) and TE(right) incidence.
7.1.2.2 Measurements.
The monostatic measurements of the rotated metamaterial cloak show the backscatter
for different incident angles. The cloak is not radially symmetric and therefore,
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measurements should change somewhat as a function of incident angle. The flat edge
of the fabricated cloak is referenced as 0o, see Figure 6.3. The rotation, 0o − 360o, follows
a counter-clockwise motion.
The calibrated measurement data for TM and TE incidence can be seen in Figure 7.4
and shows that adding the cloak to the cylinder does reduce the monostatic RCS for
TE incidence. The TM case shows very little difference between the bare and cloaked
cylinder. This is expected since the metamaterial constitutive parameters are dependent
upon incident polarization and the metamaterials were design for TE incidence.
It is also evident that RCS reduction is realized regardless of the monostatic incident
angle. The data in this figure does show some irregularities with the bare cylinder. These
irregularities can be attributed to the fact that this is not a perfectly round cylinder. The
bare cylinder is still a good comparison since it was manufactured in the same manner as
the cylinder within the cloak.
Next, the performance of the metamaterial cloak across the frequency range is
examined. Figure 7.5 shows the backscatter of the 0◦ reference angle of the cloak as a
function of frequency. As seen in the previous results, the cloak impinged by TM energy
does not affect the backscatter much across the frequency range. However, for the TE
case, note the RCS of the cloaked cylinder is reduced for nearly every frequency in the
range. In particular, the same dip in backscatter near 8-9GHz and 14GHz is seen as was
exhibited in the simulated data from Figure 6.14. The calibrated measurement data also
shows good agreement with the simulation data of the bare PEC cylinder, further validating
the accuracy of the measurements. The wideband operation of the backscatter reduction is
expected since the metamaterials are operating within their respective non-resonant region
and therefore are not very dispersive.
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Figure 7.4: Monostatic measurements of the full 360◦ rotated cloak and bare cylinder for
TM incidence(left) and TE incidence(right) at 10GHz.
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Figure 7.5: Backscatter RCS measurements across the frequency range of the cloak
and bare cylinder for TM incidence(top) and TE incidence(bottom). These backscatter
measurements are of the flat edge of the cloak.
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7.1.3 Bistatic.
In this section, the method and results of the bistatic measurements for the cloaked and
bare cylinders are presented. The bistatic measurements are taken for every integer angle
in the range of 45◦−180◦, where 180◦ corresponds to the backscatter and 0◦ corresponds to
forward scatter. One challenge with taking bistatic measurements is time delay gating. At
some bistatic angle, the path of the incident energy and the scattered energy to the bistatic
receiver will be close if not equal. This means, that accuracy becomes severely degraded
because scattered energy cannot be isolated from the incident energy through gating. Our
initial bistatic angle range will show us at what point our measurements become suspect.
Once this angle is found, the bistatic angle measurements are limited to those angles in
which incident energy can be gated out.
7.1.3.1 Calibration Analysis.
As with the monostatic measurements, analysis of the calibration and error is first
presented. In this analysis, the bistatic angles in which the incident energy can be gated
out are determined. Figure 7.6 shows the calibrated bistatic measurements of the 375
calibration cylinder across a bistatic range of 45◦ − 180◦.
Figure 7.6: Bistatic 45◦ − 180◦ calibration results. Bistatic 375 calibration cylinder
measurements after calibration at 10GHz (left). Error distribution of calibrated 375
calibration target at 10GHz (right).
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It is evident the deviation from the exact solution begins to increase around the 85◦
bistatic angle. Therefore, the bistatic measurements in this section will be conducted for
the range of 85◦−180◦. The calibrated 375 cylinder and error of this new bistatic range can
be seen in Figure 7.7 for TE incidence and Figure 7.8 for TM incidence. This new bistatic
range shows a large reduction in the error distribution from the original range.
Figure 7.7: Bistatic 85◦ − 180◦ calibration results. Bistatic 375 calibration cylinder
measurements after calibration at 10GHz (left). Error distribution of calibrated 375
calibration target at 10GHz (right).
Figure 7.8: Bistatic 85◦ − 180◦ calibration results. Bistatic 375 calibration cylinder
measurements after calibration at 10GHz (left). Error distribution of calibrated 375
calibration target at 10GHz (right).
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7.1.3.2 Measurements.
Next, the measurements of the metamaterial cloak and bare cylinder are presented
for bistatic angles 85◦ − 180◦. The TM measurements can be seen in Figure 7.9. The
exact solution of a bare PEC cylinder of the same height adds further credence these
measurements. Even though the fabricated bare cylinder is not exact, it is evident from
this data that the calibrated measurements of the bare cylinder are close to the exact
solution. Figure 7.10 shows the bistatic measurements across the frequency range for the
bare cylinder and cloaked cylinder. This data shows very little difference between the two
cases across the frequency range and bistatic angle. Again, this is expected since this cloak
is designed for TE incidence.
Figure 7.9: Comparison between TM bistatic experimental measurements and simulation
results at 10GHz.
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Figure 7.10: Measured TM bistatic RCS across the frequency range 5GHz-15GHz for the
bare cylinder(top) and the cloaked cylinder(bottom).
The bistatic measurements for TE incidence can be seen in Figure 7.11. Like the
TM case, measurement data of the bare cylinder agrees well with the simulated bare PEC
cylinder. Additionally, the RCS approximation of the 2D isotropic cloak with the ’as
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fabricated’ metamaterial constitutive parameters from the previous chapter in Table 6.4
is plotted. The approximation is of the form
σ3D = σ2D
2`2
λ
(7.2)
where ` is the height of the fabricated cylinder [2]. This approximated RCS data tracks
fairly well with the measured data and further validates the isotropic Green’s function
approach for designing a metamaterial cloaked cylinder.
Figure 7.11: Comparison between TE bistatic experimental measurements and simulation
results at 10GHz.
Figure 7.12 shows the measured bistatic RCS for the bare and cloaked cylinders across
the frequency range 5GHz-15GHz. This data also shows the same behavior as the simulated
data in Figure 6.14 as seen in the range 8-9GHz. Note that only the bistatic angles 85◦−180◦
were measured, so only part of the simulated data can be used for comparison.
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Figure 7.12: Measured TE bistatic RCS across the frequency range 5GHz-15GHz for the
bare cylinder(top) and the cloaked cylinder(bottom).
7.2 Summary
In this chapter, the experimental RCS measurements of the cloaked and bare cylinders
were presented. The error of both monostatic and bistatic measurements were explained
108
and detailed. The data presented in these measurements validates the effectiveness of using
the 2D isotropic Green’s function optimization approach to creating a 3D metamaterial
cloaked cylinder.
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VIII. Summary of Contributions and Further Research
8.1 Research Summary
Previously, TO has been used as a foundation for designing cylindrical cloaks. The
TO cloak uses the material parameter gradient to guide waves around a cylinder to reduce
the RCS. The problem is that the material parameters required for the TO cloak are not
physically realizable and thus must be approximated. This problem is compounded by the
fact that any approximation that deviates from the ideal design will allow fields to penetrate
the cloak layer and interact with the object to be cloaked. Since the TO method does not
account for this interaction, approximating the ideal TO parameters is doomed to less than
optimal results. The goal of this dissertation is to create a design process for an optimized
cloaked cylinder which accounts for all of the physical interactions within the cloak. This
effort resulted in 3 main research thrusts that culminate in a beginning to end design process
for an optimized cloaked cylinder that is then fabricated with metamaterials.
The first main area of research extracted the contribution due to the scatterer in a
Green’s function for an n-layered cylinder. A general algebraic expression was then derived
by exploiting the recursive boundary conditions. This general expression can then be used
as a cost functional implemented by an optimization algorithm to minimize the contribution
due to the scatterer. If the contribution due to the scatterer is 0, then the observer, regardless
of position outside of the cloak, will only observe the contribution due to the source. This
is the definition of a cloak. The contribution in this area of research is threefold. First,
this general expression cost functional allows for the design of optimized cloaks for a
large number of layers without the need of deriving new expressions. Second, the general
expression cost functional is more efficient than those in literature because it is inherently
angle independent since it originates from a Green’s function. Third, the general expression
can be used to determine the azimuthal surface wave propagation constants for an n-layered
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cylinder. This last contribution resulted in [25], currently slated to be published in May
2013.
The second main area of research implemented this cost functional to study optimized
isotropic cloaks of many layers. The largest optimized isotropic cloak in the literature
to date consisted of 6 layers whereas the 10, 20 and 30 layer cases were studied. This
study contributed 3 main points. First, by using an unconstrained optimization algorithm,
it was shown that an optimized 10 layer isotropic cloak could perform better than the
simulated TO ideal anisotropic cloak for nearly every angle for TM incidence but not for
TE incidence. Second, it was shown that optimizing individual layer thicknesses as well as
material parameters of a 10 layer cloak rendered better results than the 10, 20 and 30 layer
optimized cloaks with fixed layer thicknesses for TM and TE incidence. Third, it was noted
that the material parameters of the optimized isotropic cloaks did not show the dual nature
between TM and TE incidence that is evident in the material parameters of the ideal TO
case. This indicates that any deviation from the ideal TO parameters, and thus any physical
cloak, needs to account for the difference in TM and TE interaction with the surface within
the cloak. The Green’s function approach accounts for this interaction. The efforts in this
section are currently in the submission process to Journal of Physics D: Applied Physics.
The last research area combines the previous areas to create a design process for
implementing an optimized isotropic cloak with metamaterials. The previously developed
cost functional was used to optimize a cloak over a set of manufacturable material
parameters provided by a metamaterial design process. The focus in this section was to
optimize a cloak for a given geometry that is easy to fabricate and construct. The cloaks in
literature are more difficult to construct and made of only one type of metamaterial unit cell
whereas our design is simple to construct and made of 3 different types of metamaterial unit
cells. This resulted in a metamaterial cloak which reduces the monostatic and the bistatic
RCS of a bare conducting cylinder for most measured angles. In addition, a reduction in
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monostatic RCS evident for nearly all frequencies swept (5GHz-15GHz). To date, neither
bistatic nor monostatic RCS measurements of a metamaterial cloak have been presented
in literature. Most importantly, this last section validates the use of an isotropic Green’s
function approach to designing a metamaterial cloaked cylinder. The contribution of this
last section is in a draft form, tentatively targeted for Journal of Physics D: Applied Physics.
8.2 Recommendations for Future Research
8.2.1 Excited Azimuthal Waves of a Cloaked Cylinder.
In Chapter 5, the disparity between the cloaking performance of the optimized TE
cloak and TM cloak was noted. Furthermore, the optimized parameters between the TE
and TM cases were not duals of each other as is the case with the TO case. It was
concluded that since the TO cloak does not allow fields to penetrate the cloak, the dual
nature of the material parameters makes sense due to identical boundary conditions for
both incident polarizations. However, in a non-ideal cloak, fields will penetrate the cloak
layer and impinge upon the surface of the cloaked object which will enforce a boundary
condition which is dependent on incident polarization.
Since non-ideal cloaks allow impingement of the PEC cylinder, azimuthally traveling
surface waves will be excited along the cylinder. The propagation of these waves
are dependent on incident polarization and the materials surrounding the cylinder.
Furthermore, these excited surface waves will affect the RCS of a coated cylinder.
Therefore, it is a logical next step to study how these surface waves will impact cloaking
performance. The general cost functional, derived in Chapter 4, can be used to determine
the azimuthal surface wave propagation constants to this end. It is quite possible that
the result of this type of study could be used to augment the optimization process in this
dissertation to render a more effective cloak.
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8.2.2 Optimization with Loss Using Kramers-Kronig Relation.
In Chapter 5, different optimized cloaks were presented. These cloaks assumed
lossless materials. It stands to reason, that this study should also be accomplished for the
lossy case since any material implemented to created a physical cloak will contain some
loss. The challenge is that an unconstrained optimization algorithm cannot be used because
the solution could be lossy material parameters which are not causal. Therefore, constraints
that implement the Kramers-Kronig relation could be used to optimize a cloak made with
lossy material parameters that are causal.
8.2.3 Maximize Scatterer Contribution.
The ultimate goal in this dissertation was to create a cloaked cylinder. A cost
functional was used with an optimization algorithm to find the material parameters for
an optimal cloak. There are also applications for maximizing this cost functional to create
a larger RCS of a coated cylinder. This could be used in the cases of designing chaff or in
other instances of countermeasures where a larger RCS is beneficial.
8.2.4 Cloak design with Isotropic materials (non metamaterials).
The design process presented in this dissertation implemented metamaterials in an
effort to study the inherent assumptions of using this type of material. The design process
itself is not limited to metamaterials and could be used to optimize or any set of physically
realizable material parameters. Furthermore, metamaterial unit cells are somewhat static
which limited the manipulation of the layer thicknesses in this research effort. If materials
in which layer thicknesses could be controlled are used, the thicknesses of these layers
could also be a free variable which will render a more effective cloak as seen in Chapter 5.
Also, a cloak using isotropic materials would create a much more robust cloaked cylinder
in which the incident energy is not limited to just normal incidence.
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Appendix A: Optimized Parameters for Cloaked Cylinders
In Chapter 5 10, 20 and 30 layer cloaks were optimized for TE and TM incidence.
Tables A.1, A.2 and A.3 show the resulting material parameters for these optimized cloak
cylinders.
Layer 1 2 3 4 5 6 7 8 9 10
TM
r 0.01 1.15 1.02 1.06 1.60 2.51 2.56 1.10 2.10 0.72
µr 5.81 0.06 7.22 0.20 4.03 0.12 3.37 0.22 3.60 0.57
TE
r 12.76 0.10 6.35 0.12 4.43 0.19 4.20 0.33 3.30 0.54
µr 0.09 0.47 0.90 1.70 1.72 1.72 1.53 1.35 1.42 1.15
Table A.1: Optimized material parameters for 10 equal thickness layer TE and TM cloaked
cylinders.
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Layer 1 2 3 4 5 6 7 8 9 10
TM
r 0.21 0.32 0.54 0.64 0.84 0.63 1.03 1.34 1.26 1.19
µr 29.18 0.03 12.76 0.08 10.32 0.08 6.21 0.14 5.86 0.18
TE
r 20.90 0.04 14.40 0.09 8.51 0.12 6.50 0.15 5.17 0.17
µr 0.19 0.32 0.52 0.55 0.81 0.83 1.31 1.15 1.24 1.23
Layer 11 12 13 14 15 16 17 18 19 20
TM
r 1.23 1.46 1.58 1.65 1.79 1.95 1.75 1.85 1.89 1.93
µr 6.13 0.18 4.52 0.21 5.87 0.23 6.48 0.23 4.20 0.36
TE
r 4.72 0.20 4.16 0.22 4.85 0.24 3.58 0.26 4.09 0.35
µr 1.29 1.59 1.68 1.55 1.69 1.70 1.90 2.02 1.52 2.06
Table A.2: Optimized material parameters for 20 equal thickness layer TE and TM cloaked
cylinders.
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Layer 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
TM
r 0.20 0.21 0.37 0.51 0.56 0.68 0.78 0.73 0.75 0.88 1.15 1.20 1.24 1.16 1.28
µr 40.67 0.03 17.15 0.04 12.38 0.04 12.47 0.07 8.63 0.13 4.94 0.14 6.82 0.14 6.13
TE
r 29.45 0.03 17.33 0.05 12 0.07 9.70 0.10 7.65 0.13 7.03 0.14 6.21 0.16 6.05
µr 0.13 0.26 0.36 0.48 0.54 0.64 0.67 0.84 0.91 1.03 1.13 1.15 1.23 1.28 1.25
Layer 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
TM
r 1.39 1.48 1.31 1.70 1.73 1.61 1.69 1.75 1.90 1.86 1.91 1.94 2.02 1.91 1.95
µr 0.16 6.33 0.18 4.60 0.20 5.81 0.22 4.43 0.20 3.58 0.23 4.00 0.25 4.44 0.34
TE
r 0.19 5.16 0.19 4.43 0.21 4.58 0.21 4.49 0.24 3.82 0.24 3.85 0.26 4.2 0.33
µr 1.34 1.45 1.57 1.56 1.60 1.58 1.62 1.72 1.80 1.92 1.92 1.75 1.92 1.94 2.02
Table A.3: Optimized material parameters for 30 equal thickness layer TE and TM cloaked
cylinders.
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Appendix B: Green’s Function Derivation
This Green’s function was originally derived in McGuirk’s dissertation [17] and is
presented here verbatim with added comments to clarify as needed. In [17], the bare PEC
and single layer cases were derived first to serve as self validation of the n-layer case. In
this appendix, we only present the derivation for the n-layer case.
B.1 Problem Setup
For the case of the TEz cloaked cylinder comprised of n layers, we use an infinite (in
zˆ) line source to illuminate the cloaked cylinder. We will only express the incident and
scattered fields in terms of the zˆ directed magnetic field, or more precisely, the zˆ directed
vector potential ~Fz. The vector potential wave equation is given as
∇2Fz + k2Fz = −M
whereM is the magnetic current of the line source. Invariance in the zˆ direction is assumed
which allows us to simplify the potential wave equation as Equation B.1
∇2t Fz + k2Fz = −M (B.1)
where ∇2t is the transverse Laplacian which can be expressed in cylindrical coordinates as
Equation B.2.
∇2t =
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂θ2
(B.2)
We can express the potential wave equation as Equation B.3 for an n-layered geometry.
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(
∇2t + k
)
Fz = −Mz k =

k1 = ω
√
µrrµ00 a < ρ < ρi
ki = ω
√
µririµ00 ρi < ρ < ρi+1
k0 = ω
√
µ00 ρ > ρn
(B.3)
B.1.1 Boundary Conditions.
Next, the boundary conditions are enumerated. The boundary conditions for the PEC
interface, angular continuity and far field can be seen in Equation B.4.
−1

∂
∂ρ
Fz
(
ρ, θ; ρ
′
, θ
′)∣∣∣∣∣∣
ρ=a
= 0
Fz
(
ρ, θ; ρ
′
, θ
′)
= Fz
(
ρ, θ + 2pi; ρ
′
, θ
′)
∂
∂ρ
Fz
(
ρ, θ; ρ
′
, θ
′)∣∣∣∣∣∣
ρ=∞
= − jk ∂
∂ρ
Fz
(
ρ, θ; ρ
′
, θ
′)∣∣∣∣∣∣
ρ=∞
(B.4)
We also must enforce continuity of the tangential fields at every layer interface as
Fz
∣∣∣∣∣∣
ρ=ρ−i
= Fz
∣∣∣∣∣∣
ρ=ρ+i
1
−
∂
∂ρ
Fz
∣∣∣∣∣∣
ρ=ρ−i
= 1
+
∂
∂ρ
Fz
∣∣∣∣∣∣
ρ=ρ+i
(B.5)
where i = 1, 2 . . . n.
B.2 Green’s Function
The Green’s function we wish to derive will solve is
(
∇2t + k0
)
G
(
ρ, ρ
′)
= −δ (ρ − ρ
′) δ (θ − θ′)
ρ
. (B.6)
From [7], the solution of Equation B.6 is of the form seen in Equation B.7
G
(
ρ, θ; ρ′, θ′
)
=
∞∑
ν=0
u˜ν (θ) u˜∗ν
(
θ′
)
Gρ
(
ρ, ρ′; λν
)
(B.7)
where u˜ν are the orthonormal eigenfunctions that satisfy
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[
d2
dθ2
+ λν
]
u˜ν = 0 (B.8)
and
u˜ν (θ) = u˜ν (θ + 2pi) . (B.9)
Also note that Gρ satisfies Equation B.10.
1
ρ
d
dρ
(
ρ
dGρ
dρ
)
+
(
k2 − λν
ρ2
)
Gρ = −δ (ρ − ρ
′)
ρ
(B.10)
B.2.1 Solving for the orthonormal eigenfunctions u˜ν.
A general solution for u˜ν is
u˜ν = A cos
( √
λνθ
)
+ B sin
( √
λνθ
)
and applying Equation B.9 we arrive at
A cos
( √
λνθ
)
+ B sin
( √
λνθ
)
= A cos
( √
λν (θ + 2pi)
)
+ B sin
( √
λν (θ + 2pi)
)
. (B.11)
Equation B.11 can be solved if
√
λν = ν where ν = 0, 1, 2 . . . and therefore
√
λν = ν, ν = 0, 1, 2 . . . ,
λν = ν
2, ν = 0, 1, 2 . . .
which allows us to write the general solution as
u˜ν = A cos (νθ) + B sin (νθ) .
Since A cos (νθ) is orthogonal to B sin (νθ), then both of these terms are part of the solution
of eigenvectors.
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It is possible to calculate A and B by using the fact that
ˆ 2pi
0
A2 cos2 (νθ) dθ = 1 (B.12)
ˆ 2pi
0
B2 sin2 (νθ) dθ = 1 (B.13)
in combination with the trigonometric identities
cos2 (νθ) =
1
2
+
1
2
cos (2νθ) (B.14)
sin2 (νθ) =
1
2
+
1
2
sin (2νθ) (B.15)
results in
ˆ 2pi
0
A2 cos2 (νθ) dθ =
A2
2
[ˆ 2pi
0
dθ +
ˆ 2pi
0
cos (2νθ) dθ
]
= 1. (B.16)
Equation B.16can then be simplified to
A =
√
1
pi
. (B.17)
However, this is only valid if ν , 0. This is not the case for the variable B, since ν = 0
results in a trivial solution. In light of this, A and B are expressed as
A, B =
√
ν
2pi
(B.18)
where ν is the Neumann number as seen in Equation B.19.
ν =

1 ν = 0
2 ν = 1, 2, 3 . . .
(B.19)
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Note that Equation B.18 states that when ν = 0, then B =
√
1
2pi . This isn’t necessarily true,
but is irrelevant since the sin2 (νθ) make the product zero regardless of the value of B. This
results in the expression of the orthonormal eigenfunctions seen in Equation B.20.
∞∑
ν=0
u˜ν (θ) u˜∗ν
(
θ′
)
=
1
2pi
∞∑
ν=0
ν
[
cos (νθ) cos
(
νθ′
)
+ sin (νθ) sin
(
νθ′
)]
(B.20)
After using the trigonometric identity
cos x cos y + sin x sin y = cos (x − y) (B.21)
we get
∞∑
ν=0
u˜ν (θ) u˜∗ν
(
θ′
)
=
1
2pi
∞∑
ν=0
ν cos
[
ν
(
θ − θ′)] . (B.22)
B.2.2 Solving for Gρ.
The next step is to solve for Gρ. Recall Gρ solves the equation
1
ρ
d
dρ
(
ρ
d
dρ
Gρ
)
+
(
k2 − λν
ρ2
)
Gρ = −δ(ρ − ρ
′
)
ρ
which after multiplying by ρ results in
d
dρ
(
ρ
d
dρ
Gρ
)
+
(
k2ρ − λν
ρ
)
Gρ = −δ(ρ − ρ′). (B.23)
We can solve this equation using the U-T method, where U(ρ),T (ρ) satisfies the boundary
conditions at ρ = a, b, ρi and ρ→ ∞ respectively as seen below.
d
dρ
(
ρ
d
dρ
)
+
(
k2ρ − λν
ρ
)∣∣∣∣∣∣U(ρ)
T (ρ)
= 0
The Green’s function will have the form
Gρ =
U(ρ<)T (ρ>)
c
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where c is the conjunct as given below
c = ρ
[
TU′ − T ′U] (B.24)
The variables U(ρ),T (ρ) have the form:
U(ρ) =

A1νJν (k1ρ) − B1νH(2)ν (k1ρ) a < ρ < ρ1
AJiν (kiρ) + B
i
νH
(2)
ν (kiρ) ρi−1 < ρ < ρi
Since there are multiple regions, we must solve for each region, using the applicable
boundary conditions. Note the first equation must satisfy the boundary condition at the
PEC interface, ρ = a. This results in
B1ν = −A1ν
J
′
ν (k1a)
H(2)ν (k1a)
. (B.25)
A similar process is used for the T expressions, which for the various regions are
T (ρ) =

C1ν Jν (k1ρ) + D
1
νH
(2)
ν (k1ρ) a < ρ < ρ1
CiνJν (kiρ) + D
i
νH
(2)
ν (kiρ) ρ > b
.
In the case of the T expressions, Cn+1ν = 0 and D
n+1
ν = 1 which is due to the radiation
condition (ie there will be no standing waves). The conjunct is then found to be
c =
j2An+1ν
pi
. (B.26)
This results in a final Green’s function where both observer and source are outside of the
structure and can be seen in Equation B.27.
G
(
ρ, θ; ρ
′
, θ
′)
= − j pi
2An+1ν
cos
[
ν
(
θ − θ′
)] [
An+1ν Jν (k0ρ<) + B
n+1
ν H
(2)
ν (k0ρ<)
]
H(2)ν (k0ρ>)
(B.27)
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Additionally, due to the PEC boundary condition and the radiation boundary condition,
An+1ν = 1 (B.28)
B1ν = −A1ν
J
′
ν (k1a)
H(2)ν (k1a)
(B.29)
and the continuity boundary conditions at each layer interface as seen in Equation B.5.
A1ν
(
Jν (k1ρ1) − KνH(2)ν (k1ρ1)
)
= A2νJν (k2ρ1) + B
2
νH
(2)
ν (k2ρ1)
A1ν
r2
k1
(
J
′
ν (k1ρ1) − KνH
′(2)
ν (k1ρ1)
)
=
r1
k2
(
A2νJ
′
ν (k2ρ1) + B
2
νH
′(2)
ν (k2ρ1)
)
A2νJν (k2ρ2) + B
2
νH
(2)
ν (k2ρ2) = A3νJν (k3ρ2) + B
3
νH
(2)
ν (k3ρ2)
r3
k2
(
A2νJ
′
ν (k2ρ2) + B
2
νH
′(2)
ν (k2ρ2)
)
=
r2
k3
(
A3νJ
′
ν (k3ρ2) + B
3
νH
′(2)
ν (k3ρ2)
)
...
AnνJν (knρn) + B
n
νH
(2)
ν (knρn) = Jν (k0ρn) + Bn+1ν H
(2)
ν (k0ρn)
1
kn
(
AnνJ
′
ν (knρn) + B
n
νH
′(2)
ν (knρn)
)
=
rn
k0
(
J
′
ν (k0ρn) + B
n+1
ν H
′(2)
ν (k0ρn)
)
(B.30)
Through Equations B.28, B.29 and B.30, we can solve for the coefficients Ai, Bi and
ultimately Bn+1. This creates a system of equations that can be solved as a matrix [17] or
algabraically as seen in Chapter 4.
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Appendix C: Transformation Optics Cylindrical Cloak
This appendix details how the TO approach is used to derive the material parameters
requirements for the cylindrical cloak. Essentially, this method uses the fact that Maxwell’s
equations are invariant to coordinate transforms in free space but not within a material [30].
Due to this, fields can be controlled by manipulating the coordinate system. This warping
of the coordinate system is manifested through material parameter requirements.
While Ward and Pendry [48]did not use this specific method of deriving the equations
for the material parameters, the results are identical. References [30, 42] were used for this
derivation along with the examples found in [33, 38].
C.1 Background
We begin the process with Maxwell’s equations expressed in Minkowski 4-dimension
space time tensor format. These can be dervied from the curl and divergence equations as
seen below
∇ × H − ∂D
∂t
= J ∇ · D = q (C.1)
0 +
∂Hz
∂y
− ∂Hy
∂z
− jc∂Dx
∂t
= Jx
−∂Hz
∂x
+ 0 +
∂Hx
∂z
− jc∂Dy
∂t
= Jy
∂Hy
∂x
− ∂Hx
∂y
+ 0 − jc∂Dz
∂t
= Jz
jc
∂Dx
∂x
+ jc
∂Dy
∂y
+ jc
∂Dz
∂z
+ 0 = jcq (C.2)
where c is the speed of light in free space and q is electric charge density [42]. This
formulation then leads to the tensor G as seen in Equation C.3.
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G =

0 Hz −Hy − jcDx
−Hz 0 Hx − jcDy
Hy −Hx 0 − jcDz
jcDx jcDy jcDz 0

(C.3)
Likewise, the curl and divergence expressions in Equation C.4 can be expressed as the
tensor F in Equation C.5.
∇ × E − ∂B
∂t
= 0 ∇ · B = 0 (C.4)
F =

0 Bz −By − jcEx
−Bz 0 Bx − jcEy
By −Bx 0 − jcEz
− jcEx − jcEy − jcEz 0

(C.5)
As seen in [30], the G and F tensors are related to the constitutive parameter tensor χ by
Equation C.6.
G =
1
2
χF (C.6)
Assuming time invariance, we can change the coordinate system of the tensors in
Equation C.6 by using the Jacobian transform
J =

∂x
∂q1
∂x
∂q2
∂x
∂q3
∂y
∂q1
∂y
∂q2
∂y
∂q3
∂z
∂q1
∂z
∂q2
∂z
∂q3
 (C.7)
where (q1, q2, q3) are the coordinates in a general coordinate system. Specifically, the
consititutive parameter tensor can be transformed with the Jacobian as seen in Equation C.8
[30]
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 
′
µ′
 = ∣∣∣J−1∣∣∣ JJT
 µ
 (C.8)
where ′ denotes the parameter in the new coordinate system. Now that we have the
foundation for the TO method, the next section derives the material parameters for the
cylindrical cloak from [36].
C.2 Deriving Parameters for Cylindrical Cloak
As seen in the G and F tensors above, the cartesian coordinate system is used, but
our final coordinate system will be a warped cylindrical coordinate system and therefore a
Jacobian trasnform matrix from cartesian to the warped cylindrical coordinates is needed.
Starting with the cartesian to cylindrical coordinate system transformation. This is
dictated by Equation C.9.
x = ρ cos θ
y = ρ sin θ
z = z (C.9)
Next, we define the warped cylindrical coordinates as Equation C.10
ρ′ =
(
b − a
b
)
ρ + a
θ′ = θ
z′ = z (C.10)
where ′ denotes the new warped coordinate system. This leads to the final expressions
describing the transform seen in Equation C.11.
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x =
(
ρ′ − a) ( b
b − a
)
cos θ′
y =
(
ρ′ − a) ( b
b − a
)
sin θ′
z = z′ (C.11)
Using Equation C.11, the Jacobian transformation matrix is
J =

∂ρ′
∂x
∂ρ′
∂y
∂ρ′
∂z
∂θ′
∂x
∂θ′
∂y
∂θ′
∂z
∂z′
∂x
∂z′
∂y
∂z′
∂z
 =

b−a
b cos θ
′ b−a
b sin θ
′ 0
−b−ab sin θ
′
(ρ′−a)
b−a
b
cos θ′
(ρ′−a) 0
0 0 1
 (C.12)
and the inverse is
J−1 =

∂x
∂ρ′
∂x
∂θ′
∂x
∂z′
∂y
∂ρ′
∂y
∂θ′
∂y
∂z′
∂z
∂ρ′
∂z
∂θ′
∂z
∂z′
 =

b
b−a cos θ
′ − (ρ′ − a) bb−a sin θ′ 0
b
b−a sin θ
′ (ρ′ − a) bb−a cos θ′ 0
0 0 1
 . (C.13)
Next, the determinant can be seen in Equation C.14.
∣∣∣J−1∣∣∣ = ( b
b − a
)2 (
ρ′ − a) (C.14)
Using Equation C.8, the material parameter requirements are calculated in Equation C.15.

′
µ′
 =
∣∣∣J−1∣∣∣ JJT


µ

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
′
µ′
 =
(
b
b − a
)2 (
ρ′ − a)

b−a
b cos θ
′ b−a
b sin θ
′ 0
−b−ab sin θ
′
(ρ′−a)
b−a
b
cos θ′
(ρ′−a) 0
0 0 1


b−a
b cos θ
′ −b−ab sin θ
′
(ρ′−a) 0
b−a
b sin θ
′ b−a
b
cos θ′
(ρ′−a) 0
0 0 1



µ


′
µ′
 =

ρ′ − a 0 0
0 1
ρ′−a 0
0 0
(
b
b−a
)2
(ρ′ − a)



µ
 (C.15)
Since, the coordinate transform assumes free space to begin with, 0, µ0 take the
form of the identity matrix in cartesian coordinates, but this is not the case in cylindrical
coordinates. Using the same process as above, the cartesian to cylindrical transform can be
applied to the free space parameters. The result is seen in Equation C.16.


cyl
0
µ
cyl
0
 =

ρ′ 0 0
0 1
ρ′ 0
0 0 ρ′
 (C.16)
In order to keep an identity matrix formulation to express free space in cylindrical
coordinates, a normalization term is applied to the relative material parameters as seen
in Equation C.17.

′
µ′
 =

ρ′ − a 0 0
0 1
ρ′−a 0
0 0
(
b
b−a
)2
(ρ′ − a)


1
ρ′ 0 0
0 ρ′ 0
0 0 1
ρ′



cyl
0
µ
cyl
0


′r
µ′r
 =

ρ′−a
ρ′ 0 0
0 ρ
′
ρ′−a 0
0 0
(
b
b−a
)2 (ρ′−a)
ρ′
 (C.17)
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The results are the material parameter requirements for a TO cloak as presented in
[36] as seen below.
µρ, ρ =
ρ′ − a
ρ′
µθ, θ =
ρ′
ρ′ − a
µz, z =
ρ′ − a
ρ′
(
b
b − a
)2
(C.18)
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